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Editorial

In recent years Representation has tended to shy away from
articles of a technical nature and restrict itself to the non-
technical. While there may be some advantages in this course
of action, it has left those with technical things to say on
voting systems without a suitable outlet for their ideas and
arguments. The members of the Electoral Reform Society's
Technical Committee, and others, have been unhappy about
this. Hence this new venture, which it isintended to circulate
to those Society members who request it.

In this first issue, we reprint some earlier articles that deserve
awider circulation. Those by B L Meek, originally published
over 20 years ago in French, have been available in English
only as atyped and duplicated version containing many errors.
These are classic papers which have led to much discussion in
recent years. Whether one agrees with Meek's conclusions or
not, it cannot be denied that those who argue about his method
need to know what he did actually say.

The article by D R Woodall was also printed with an error
originally and this reprint includes the necessary correction.
Although Woodall's method is basically the same as Meek's, it
was entirely independently derived and it is interesting to see
his different approach.
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The article by C H E Warren has not been published before. Itisa
dlightly rewritten version of a paper first submitted in 1983, but not
then accepted. Warren's method is similar in spirit to the other two,
but differs in the way it performs. Each of the two counting methods
has an advantage over the other in some circumstances so, although
a majority of the ERS Technica Committee prefer the Meek/
Woodall formulation, the Warren alternative is worth bearing in
mind. Thefinal paper discusses the differences.

I D Hill

Chairman, ERS Technical Committee

A New Approach to the
Single Transferable Vote

Paper |: Equality of Treatment of voters
and a feedback mechanism for vote
counting.

B L Meek, Computer Unit, Queen Elizabeth College, London.

Brian Meek is now at King's College London.

With some differences in presentation, the paper was
originally published in French in Mathématiques et
Sciences Humaines, No 25, pp13-23, 1969.
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Abstract

It is shown that none of the counting methods so far used in
single transferable vote elections satisfies the criterion that
al votes should, as far as possible, be taken equally into
account. A feedback method of counting is described which
does satisfy this criterion within the genera limitations
imposed by the STV system. This counting method, though
very laborious for manua counting, would be feasible in
automated elections.

1. Introduction

While the preferential voting system known as the Single
Transferable Vote (STV)! has been criticised on various
grounds, the following advantages claimed for it do not
seem to have been seriously challenged:

(A) The number of ‘wasted’ votes in an election (i.e,
which do not contribute to the election of any
candidate) is kept to a minimum.

(B) As far as possible the opinions of each voter are
taken equally into account.

(C) Thereis no incentive for a voter to vote in any way
other than according to his actual preference.

It is the purpose of this and a subsequent paper to consider
(A), (B) and (C) from a decision-theoretic viewpoint, within
a single constituency; it will be shown that (A), (B) and (C)
in fact do not hold in present STV procedures, but may be
made to hold, within certain overal limitations, by
appropriate modification of the counting method.

2. The wasted vote

An essential feature of an STV election is the ‘quota’. If
there are s vacancies to be filled, the quota q is the smallest
number such that, if s candidates have q votes each, it is not
possible for an (st1)th candidate to have as many as q
votes. Thus if the total votes are T, then T-sq < g, but
T-s(g-1) > g1, whence q = [1+T/(s+1)], where the square
brackets denote ‘integer part of .

Candidates with more than q votes are elected, and have
their surplus votes transferred according to the next
preferences marked; if there are no such candidates, the
bottom candidate is eiminated and al his votes so
transferred. Repeated application of these rules ensures that
at the end of the count s candidates have at least q votes
each and so the total wasted vote w satisfiesw < T/(s+1).

Given s and T, it is clear from the definition of q that
condition (A) is satisfied provided the next preference at
each transfer is always given. It is possible for the above
inequality, and hence condition (A), to be violated, if w is
increased by the addition of votes which are non-
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transferable because no next preference has been indicated.
In this paper we shall assume that this does not occur; it will
be shown in a second paper that it is possible still to satisfy
(A) in such cases by modifying the definition of g.

3. Equality of treatment

The discussion of condition (A) shows that, in general,
there will be some wasted votes, except in the trivial cases
when s = T. It is therefore not possible under STV to
guarantee that all votes will be taken equally into account
(e.g. votes with first preferences for runner-up candidates),
although al are taken indirectly into account when
calculating the quota.2

Within this obvious limitation, attempts have been made to
eliminate possible sources of inequity of treatment by
various modifications of the counting rules. Such sources
include:

(i) the choice of which votes to transfer from the total
for a candidate who has exceeded the quota

(ii) errors introduced by taking whole-number approx-
imations to fractions of totals for transfer -
particularly in elections with small total vote

(iii) calculation of the proportion for transfer from an
elected candidate on the basis of the last batch of
votes transferred to him, and not on his total vote.

The common way of overcoming difficulties (i) and (ii) is
to use the variant of STV known as the Senate Rules. Each
vote is divided into K parts (usually K = 100 or 1000) and
each part treated as a separate vote (of value 1/K) with
identical preferencelistings.

Difficulty (i) is overcome by transferring the appropriate
proportion of each divided vote, while the method clearly
reduces the errors involved in (ii) by the factor UK. If
K=10" thisis simply working to n decimal places. The value
of K has only to be increased until the errors are too small
to affect the result of the election3 The method is
equivalent to transferring the whole vote at an appropriately
reduced value, and it is this interpretation we shall use from
now on.

Difficulty (iii) is dightly more technical, and warrants
further explanation. Suppose at some stage a candidate has
obtained x (<q) votes. By transfer from another (elected or
eliminated) candidate he now acquires a further y votes,
where x+y > @. His surplus is now z=x+y-q. It would
appear that his x+y votes should now be transferred, with
value reduced by the factor z/(x+y).

It is, however, common practice for only the y votes to be
transferred, with value reduced by the factor z'y. The reason
for adopting this procedure is simply the practical one, in a
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It seems to be a new result that sophisticated voting is
possible in STV, though it is well-known that it can occur in
other voting systems and considerable work has been done
on decision processes using a games-theoretic approach.
Black® in his discussion of STV does mention the possibility
of “an organised minority (perverting) the use of the system’
but only in connection with a candidate with just the quota
on first preferences who is rated last by the rest of the
electorate. STV supporters would claim that if a candidate
can obtain a quota this ipso facto entitles him to be elected,
particularly if he gets the quota on first preferences, and it is
certainly difficult to understand what Black means by
‘pervert’ in this context.

5. Other considerations

At this point we shall mention some other aspects of STV,
mainly in order to define the limitations of the present
discussion. Proper treatment of the points raised in this
section are well outside the scope of the present work, and is
the subject of a projected further, more general paper.

The conditions (A), (B), (C) discussed so far were chosen
simply because they seem to be specific to STV among
congtituency-type systems in parliamentary elections.
However, other conditions could be applied, notably those
specified by Arrow in his General Possibility Theorem.®

As STV elections are multi-vacancy, the preferences
between candidates listed by the voters do not as they stand
represent an ordering of independent alternatives, and so
Arrow's analysis is not directly applicable. The deduction
from the voter’s ordering of candidates of his ordering of the
actual independent alternatives (the possible subsets of the
set of al candidates who might actually be elected) is by no
means straightforward. Nevertheless, at some stage of the
count the process reduces to electing one candidate to one
remaining vacancy, and so the consequences of the theorem,
and the Condorcet paradox, cannot be escaped. Using the
dternatives as they stand, even though they are not
independent, STV clearly satisfies Arrow's conditions 1, 4,
and 5. The condition 3 of independence of irrelevant
alternatives is not satisfied, nor is condition 2 (the positive
association of social and individual values). This can be
seen from the above analysis.

A related point, and probably the strongest decision-
theoretic argument against STV, is the fact that a candidate
may be everyone's second choice but not be elected. This
difficulty is not overcome by the feedback method, and it
does not seem to the author to be possible to do so while
retaining a system which would be recognisably a ‘single’
transferable vote.

Virtually all other discussion of STV, both for and against,
seem to have been about political and not decision-theoretic
considerations.
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For example, Black® does discuss STV from what he terms
the ‘statical’ point of view, but although he does express
some disquiet about the ‘heterogeneity’ involved in STV
(basically, that some votes count for first preferences, others
for second or later preferences), he does not go into the
problem in detail and concludes ‘in spite of those
drawbacks (STV) has merits ... it is not difficult to see why
many people, regarding it purely as a dtatical system,
(Black's italics) should hold (it) in esteem’. The italicised
phrase is to introduce other, ‘dynamical’ arguments against
STV.7 Black does not discuss the conditions mentioned
here; though the germ of the idea of inequity is contained in
the word ‘heterogeneity’; in fact as section 3 shows, the
heterogeneity which worries him is more apparent than real,
and the feedback method described in section 6 eliminates
what there is. Nor — oddly — does the ‘everyone's second
choice’ problem, even though thisis closely connected with
the doubts mentioned at the end of the last section.

6. The feedback process

One of the criticisms of STV which is often made is that its
rules are too complicated, and are not derived from
principles which can be simply stated. The above discussion
shows that thisis not surprising; the rules are in many cases
little more than rules of thumb, designed for practical
convenience rather than theoretic merit. The feedback
process, however, is derived from simply-stated principles:

Principle 1. If a candidate is eliminated, all ballots are
treated asif that candidate had never stood. 8

Principle 2. If a candidate has achieved the quota, he
retains a fixed proportion of every vote received, and
transfers the remainder to the next non-eliminated
candidate, the retained total equalling the quota.

Principle 1 is the one which leads to the feedback
mechanism. For, suppose a voter marks his ballot A, B, C,..
and A is eliminated, the ballot, by Principle 1, is
henceforward treated as if it read B, C,.. on the assumption
that if A had not stood at all, the voter would have ordered
the other candidates as before and B would have been first
preference®. But suppose that B has at an earlier count
reached the quota. Then this ballot must now be treated as
an origina first preference for B; that is, according to
Principle 2, the same proportion of this vote must be
retained by B as for the others, passing the rest to C (instead
of the whole vote going to C as in previous methods).
However, this will mean that the total retained by B is now
greater than the quota. Thus the proportion of B's votes to
be retained must be recalculated, and will in fact drop - in
other words we must go back to the beginning, with A now
eliminated. Thisisthe feedback process.

Note that the proportion of each of B's votes to be
transferred is increased by this accession of support; B's
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supporters have a say in the transfer of the extra surplus, since
it is their existence which has made it surplus. All support for
B is now treated equally, being divided proportionately to
leave him with exactly the quota.

Consider now the effect of Principle 2. The transfer of B's
vote may lead to another candidate, D, being elected. All
votes, new and old, for D, have now to be divided, leaving D
with the quota and distributing the rest to the next non-
eliminated candidate. Some ballots may have B, another
elected candidate, as next candidate. Under previous rules,
only continuing (i.e. non-eliminated and non-elected)
candidates can receive transfers. Now these votes are regarded
as extra support for B: he takes the proportion allotted him by
D, retains the proportion that he keeps of all he receives, and
transfers the rest — now the third marked candidate. Formerly
the third candidate would get all of the proportion transferred
by D (see (iv) section 3).

It can be seen that B will once more have more than the quota
if he does not again reduce the proportion which he retains.
However, the increased proportion transferred may in part go
to D who will therefore have to reduce the proportion he
retains. Thiswill react back on B, and it is clear that we have
an infinite regression. However, it is also clear that the
proportions for transfer do not increase without limit, there
being only afinite total surplus available from B and D, who
must each retain a quota. The problem is in fact a math-
ematical one of determining the proportions to be retained by
each which will leave them both with a quota, taking into
account the extent of mutual support. If pg isthe proportion B
transfers, and pp, that which D transfers, supporters of both B
and D have their votes transferred to third preferences at value
pgPp- Those putting B first have 1-pg retained by him and
pg(1-pp) retained by D; those putting D first have 1-pp
retained by him and pp(1-pg) retained by B.

We now, as examples, give the formulae for the proportions
for transfer in the cases of 1, 2, 3 and 4 elected candidates:

One candidate

t1(1-p)=q

This is the same formula as before, except that t; now
contains all effective first-preference votes for the candidate,
including those obtained from eliminated candidates, who by
Principle 1 are now ignored. The proportion p; is recalculated
every timet, isincreased by the elimination of a candidate.

Two candidates

The first elected candidate has t; first preference votes, of
which t;, have the second elected candidate as second
preference. Hence p;t;, are passed on to that candidate.
Similarly p.t,; are received from the second candidate. Thus
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(ti+pata)(1-p)=9q
(t+p1tyo)(1-po)=q
Three candidates

The votes received by candidate 1 are now his first-preference
t,, second-preference p,ty; from candidate 2 and pstz; from
candidate 3, and third-preference p,(pstsy1) from candidate 3
(1st), 2 (2nd) and p5(potaz1) from candidate 2 (1st), 3(2nd).

Thus:

[t1+ Patort Patart PoPa(tsng+trs)] (1-P1)=0

Two similar formulae hold, obtained by cyclic permutation of
the suffices.

Four candidates

The formulanow is:

4 4 4
[t+ 2pity + 2 Zpipjtijl + PoP3Ps z"f(234)JJ (I-p)=q
i=2 =20 #j)j=2

where ¥' indicates summation over all permutations of (234);
there are three similar formulae.

The extension to any number of candidates is straightforward.
It should be noted:

(i) The formulae for n candidates may be reduced to those for
n-1 candidates by eliminating the nth equation and putting
p,=0in the others;

(if) Full recursion is not necessary on the elimination of a
candidate if none of the totals or subtotals in the formulae in
use at that stage are changed as a resullt.

7. Calculating the proportions

It can be seen that one of the difficulties involved in the
feedback process arises from the need to caculate the
proportions for transfer. However, asimple iterative procedure
enables this to be done to any required accuracy. We shall take
as the simplest example the position with two elected
candidates, where the equations to be solved are, as above:

(ti+pato)(1-py)=9q 1)
(to+ Pat) (1-p2)=1 @

In these equations only the p; are unknown. Suppose we guess
avaue of p, which istoo low; then (1-p,) will betoo largein
equation (1), that is p; will also be too small. If we substitute
thisin equation (2) it will similarly give avalue of p, whichis
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too low.

The total vote for the two candidates is t;+t,; for them both
to be elected t;+t, = 2g. Suppose the strict inequality holds;
in a non-trivial case ty,, t,; are both non-zero. Further, at
least one of ty, t, is greater than g; assume it ist;. If we put
p,=0in (1) we can solve for p,, giving avalue p;>0. Thisp;
is the proportion to be transferred if candidate 1 were the
only elected candidate; thus t,+p;t;» =2 q or candidate 2
would not be elected. If the equality holds, candidate 2 only
just gets the quota and so p,=0 from eguation (2); thus the
equations are solved.

If the strict inequality holds, we get a value of p, > 0 which
istoo small. Substituting in (1) increases the coefficient of
(1-py) and hence increases pq; the new value of p; is
increased (but is still too low). Substitution in (2) gives
similarly an increased, but too low, value of p,. Thus the
iterative process gives monotonically increasing sequences
of values py, p, bounded above, which hence tend to limits
which are the solutions of the equations. A cycle of
iterations which leads to two successive sets of values the
same to the given accuracy is taken as the approximate
solution required. Note that the approximate values may be
dlightly smaller than the exact ones, but this is exactly what
we want; otherwise too much of the support for the
candidate concerned would be transferred and he would be
left with less than the quota. The process can aso be easily
shown to work in the limiting case, t;+t,=20.

It isclear that the success of thisiterative procedure depends
on the fact that al the quantities in the totals (the
coefficients of (1-p;) in each equation) are non-negative,
and that therefore it will work for any number of equations
provided they are solved cyclically in order of election —
this condition being necessary to avoid getting negative
values of p;. Since the counting process can only increase
the totals of support for elected candidates, it is also clear
that the p; for those candidates can only increase as the
count progresses;10 thus it is safe to take as starting values
of the p; the ones obtained at a previous stage, putting p;=0
initially for newly-elected candidates only (in which case, as
mentioned above, the equations reduce to the ones at the
previous stage and hence will yield, at the beginning of the
iteration, the same answers).

It can be shown fairly smply that the convergence rate of
the iterative process is likely to be unsatisfactory only when
both of the following conditions hold; that al the p;, are
small, and the cross-totals t;; etc, are as large as possible.
This would not cause difficulty even on the rare occasions
on which all these conditions were satisfied, since the
occurrence of slow convergence can be detected in advance
and allowed for, while at a later stage in the count some at
least of the p; are likely to rise sufficiently to accelerate to
the true convergence satisfactorily.
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8. Conclusions

It is obvious even from the above example that the feedback
process is a much more laborious method of arriving at a
result than any at present in use; in afull-scale election with
thousands of ballots to scrutinise, it would be very lengthy
indeed. However, even the present methods are sufficiently
lengthy to make it worthwhile using computers to help in
the counting,1! and if this is done, then complex counting
methods are no problem.

It may be argued that the actual results of any election
would be different so infrequently that the additional
complication is unnecessary. This is a matter for conjecture,
or preferably, for further investigation. However, the
method has been tried out in two cases, once using figures
obtained by a quasi-random process, and once in an actual
STV edlection. In both, there were differences in the
candidates elected.12 Particularly since STV supporters lay
such emphasis on the criterion of equality of treatment
(condition (B)), it would seem worthwhile in automated
counting to adopt the feedback method.

To sum up, the feedback method does satisfy the criterion,
subject to the limitations imposed by the basic STV system
- i.e. the theoretical minimum of wasted votes, and the
elimination of candidates. There is one further limitation not
so far discussed, imposed by the voters themselves if they
take advantage of the possibility allowed by STV of listing
only some of the candidates in preference order. The
extension of the feedback method to cover thisis dealt with
in Paper I1; it turns out that the extension also, as a bonus,
allows voters to express their views much more accurately
than under previous STV methods.13
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Abstract

The feedback counting method used for Single Transferable
Vote elections, developed in an earlier paper, is extended to
cover situations in which there are non-transferable votes. It is
shown that present counting methods, on the other hand, may
not satisfy the condition that the number of wasted votes be
kept to a minimum in such situations. The extension of the
method to permit voters to give equal preferences to
candidatesis also described.

1. Introduction

In an earlier paper! (hereafter referred to as Paper 1) the
Single Transferable Vote (STV) system of voting was
considered from the point of view of certain conditions, the
main one being that as far as possible the opinions of all
voters are taken equally into account; it was shown that
present STV counting methods do not satisfy this condition. A
'feedback’' counting mechanism was suggested which would
overcome this problem. In Paper I, however, we confined
ourselves only to the cases where, whenever a vote is
rescrutinised for transfer, a next preference is always given. In
this paper we shall show how the feedback method can be
extended to cope with situations where no such preference is
available. We shall here adopt the reverse procedure to Paper
I; we shal consider the application of the feedback
mechanism to these cases first, and only then discuss present
counting methods in the light of the conditions.

2. Rules for vote-casting

Even within the same voting system mgjor differences can be
made simply by changing the rules governing what constitutes
avalid ballot. For example, in a multiple-vacancy election by
simple majority where each voter has one independent vote
for each vacancy, the result can be totally different if the voter
is forced to use all of his votes (in effect to vote against his
favourite candidates) instead of using only some.2 In STV the
equivalent requirement would be that al candidates should be
listed in preference order. However, in the simple-magjority
case distortions can arise in that some votes may not be
genuine, having only been added in order to make up the
correct number; in STV avoter may only wish to express his
preferences for a few candidates, being indifferent to the
remainder. Norma STV practice is in fact to accept as valid
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any ballot showing a unique first preference; thereafter the
voter may, optionaly, give further preferences for as many
or as few of the remaining candidates as he wishes. In STV
the feedback mechanism could be applied as it stands
simply by declaring as invalid any votes which do not give
preferences for all candidates or (relaxing this somewhat)
declaring invalid during the progress of the count any vote
encountered for which a next preference is required but not
available, and then restarting the count. However, it would
clearly be more satisfactory not to impose additional
restrictions on the voter if this can be avoided.

3. Extension of the feedback method

We recal here the two principles of the feedback
mechanism stated in Paper |:

Principle 1. If a candidate is eliminated, all ballots are
treated as if that candidate had never stood.

Principle 2. If a candidate has achieved the quota, he
retains a fixed proportion of every vote received, and
transfers the remainder to the next non-eliminated
candidate, the retained total equalling the quota.

Since transfers are only made from eliminated or elected
candidates, non-transferability only arises when all the
marked candidates are eliminated or elected. The simplest
case to consider is that when all the marked candidates are
eliminated. By Principle 1, such a ballot has to be treated as
if those candidates had never stood; and hence as if the
ballot isinvalid. Thisimplies that the total T of valid ballots
is reduced; this in turn implies that, on the elimination of
any candidate, if non-transferable ballots occur the feedback
should include the recalculation of the quota, using the
reduced value of T.

The case of a ballot with marked candidates who are elected
is less straightforward. Suppose an elected candidate C
receives a total x of votes with no further preferences
marked on them (any marked eliminated candidates can, by
Principle 1, be ignored). By Principle 2, C must pass on a
fixed proportion p of these, as al other, votes and retain the
rest as part of his quota. The difficulty arises because it is
not clear to whom these votes should be transferred.

If the difficulty were to be avoided by increasing the
proportion transferred of votes for which a next preference
is marked, to enable al x votes to be retained by C, this
would clearly reintroduce inequities of the kind Principle 2
was designed to eliminate. Not to transfer the proportion at
all would mean leaving C with more than the quota (see also
section 4). The two possible ways of strictly obeying
Principle 2 are

(a) to divide the otherwise non-transferable proportion
equally between the remaining (i.e. unmarked and
uneliminated) candidates; or
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(b) to subtract this quantity from the total T of votes
cast, and recal cul ate the quota with the new value.

Method (a) is based on the view that the voter regards the
unmarked candidates as of equal merit, which is why he has
not given preferences. The second method is based on the
view that the voter's action is a partial abstention; he has not
sufficient knowledge of these candidates to judge between
them, and prefers to leave the choice to the other voters. It
should be noted that the two methods are not equivalent; in
the first the totals of the unmarked candidates, in particular
the non-eliminated ones, are raised equally, whereas in the
second the quota increases the proportions transferred from
the elected candidates, and the increase in the votes of non-
elected candidates will vary according to these values.

For the moment we shall resolve the (apparent) dilemma by
making the (apparently) arbitrary decision to adopt the
second method. The prima facie case for this is that in
genera some unmarked candidates will be elected
candidates, and hence the adoption of the first method will
in any case involve the recalculation of the quota. However,
thereal justification will appear in section 6, when it will be
shown that the dilemma need not, in fact, exist at all.

4. Current STV practice

Current STV procedure in dealing with non-transferable
votes involves different rules in different circumstances.
Themain rules are

(i) If a vote is not transferable from an eliminated
candidate, it is set aside; such votes play no further
part in the count.

(if) If the number of votes non-transferable from an
elected candidate is not greater than the quota, those
votes are included in the quota and only the
transferable votes determine the distribution of the
surplus. If the number is greater than the quota, then
the transferable votes are transferred (at unreduced
value), the difference between the non-transferable
votes and the quota increasing the non-transferable
total.

In Paper | we considered STV from the point of view of
three conditions. Condition (C) we shall discuss later; the
others were

(A) The number of wasted votes in an election (i.e.
which do not contribute to the election of any
candidate) is kept to a minimum.

(B) As far as possible the opinions of each voter are
taken equally into account.

It is clear at once that, when there are non-transferable
votes, condition (B) cannot be satisfied even by the
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feedback counting method unless recalculation of the quotais
included, for otherwise candidates at a later stage of the count,
when a number of non-transferable votes have accumulated,
need less that the original quota to be elected. Indeed, if as
many as g votes become non-transferable, it is impossible for
the last elected candidate to achieve afull quota.

We saw in Paper | that condition (A) is satisfied when there
are no non-transferable votes. When votes do become non-
transferable these have to be added to the 'wasted' total W, and
the formulain Paper | becomes

W< TI(S+1) + T,

where T, is the non-transferable total. However, this is
derived from a quota calculated on the total T and not on the
total available vote T' = T — T,. Thus with recalculation of the
guota we have

W'STY(S+1) +Teg=W-Tp/(S+1)<W
i.e. condition (A) is violated unless the quota is recal cul ateds.

It is clear that rule (ii) above is an attempt to satisfy condition
(A), but it only does so at the cost of violating condition (B);
for example, if a candidate E is elected with q + x votes, q of
which are non-transferable, the x remaining votes will be
transferred at unreduced value to the next preference even
though their earlier preference for E has been satisfied.
Further, the present rule that votes cannot be transferred to an
elected candidate (see Paper 1) means that both by rule (i) and
by rule (ii) many whole votes may be declared completely
non-transferable, thus swelling T, and W above, whereas the
feedback method allows each vote to count partly for the
elected candidates marked and only a fraction becomes non-
transferable.

Thus, on two grounds, current STV counting methods violate
condition (A). It could perhaps be argued that the feedback
method cannot satisfy condition (A) unless method (a) rather
than method (b) of section 3 is used when dealing with
unmarked candidates. We shall discuss this point in section 6.

5. Recalculating the quota

It can be seen that in recalculating the quota and having to
apply it in retrospect to candidates already elected, the same
difficulties occur as in the simple feedback situation, without
non-transferable votes, described in Paper |. We consider first
the case of an elected candidate. If some of his votes are non-
transferable, the appropriate proportion is subtracted from the
total vote, and the quota recalculated. The reduction in the
guota makes more of the elected candidate's votes surplus,
which increases the proportion for transfer; this increases the
non-transferable proportion to be subtracted from the total,
which further reduces the quota, and so on. The equations to
be solved are
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a=[(T—pit1o)/(S+1) +1] )
t1(1-p) =4 2

where, as in Paper |, Sis the number of vacancies, T is the
total votes (now ignoring any which mark only eliminated
candidates), t; the total for the elected candidate, p; the
proportion he transfers, t, the total vote for the candidate not
transferable to others, and q is the quota.

These two equations can be solved easily for p; and g by
equating the expressions for q; however, if there is more than
one elected candidate the iterative method of finding the p;,
described in Paper |, will be needed, and it is convenient to
discuss the extension of the iterative process to include the
recalculation of the quota in terms of the simplest case, above.
Equation (1) with p; = O gives the origina value of q.
Equation (2) then gives afirst value of p; > 0. Substitution of
this value in (1) gives a new vaue of g smaller than before;
use of the new qin (2) gives alarger p;, and so on. Thus we
have a monotone increasing sequence of values for py,
bounded above by 1, and a monotone decreasing sequence of
values of q bounded below by O; these sequences must
therefore tend to limits which are the solutions to the
equations. The convergence rate is satisfactory; simple
analysis shows that the errors are multiplied in each cycle by a
factor which isat most /(S+ 1).

The process is extended to the case of n elected candidates by
adding to the equations in Paper | the equation

q=[Tp/(S+ 1) +1]

which must be evaluated for q first in each iterative cycle.
Th = Ta(P1,P2s--Py) IS the total available for transfer in each
case, forn=1, 2, 3itisgiven by

Ti=T-pityo
To =T —={pit1o * Patao + P1P2(t120 * t210)}
T3=T—{Z1ptio + Z; PiPitijo + Z3 P1P2P3 to3)0

In these formulae tj...o is the total transferable from
candidate i to candidate |, to ..., to candidate k but not further;

>,denotes summing over i; X, denotes summing over dl i, j,
i £]; 25 denotes summing over all permutations of (123).

The reader will easily derive equivalent formulae for higher
values of n; putting p, = 0 in the expression for T, gives the
expression for T, ;.

6. Equal preferences

In section 2 we discussed briefly the effect of different
validity rules on otherwise identical voting systems. The usual
STV counting procedures depend on the existence at each
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stage of a unique next preference, the only deviation
allowed being, as we have seen, that the absence of further
preferences does not make the vote as a whole invalid. It is
standard practice to accept as valid a vote with a unique first
preference, and to accept further preferences provided one
and only one is marked at each stage; if no, or more than
one, next preference is given at any point, all markings at
and past this point are ignored.

For the simplest form of STV counting, involving the
physical transfer of ballot papers from pile to pile, the need
for a unique next preference is obvious. However, with the
feedback method such a restriction is no longer necessary,
and indeed it is not necessary even with Senate Rules
counting. A vote can be marked A1, B1, C2, ... with A and B
as equal first preferences and credited at 0.5 each to A and
B. If A is elected or eliminated the 0.5 is transferred at
reduced or full value to the next preference — which of
course is B and not C. In effect, such avote is equivaent to
two normal STV votes, of value 0.5 each, marked A,B,C...
and B,A,C... respectively. Similarly, if A, B, C are dl
marked equal first, this is equivalent to 6 (= 3!) votes of
value 1/6 each, maked A,B/.C.., ACB..; BAC..;
B,CA..., CAB.., and CBA... . It is easy to see that this
can be extended to equal preferences at any stage, and that
K equal preferences correspond to K! possible orderings of
the candidates concerned, each sharing 1/K! of the value at
that stage.

Such an extension of the validity rules enables us to resolve
the dilemma between the methods (a) and (b) in section 3 of
dealing with non-transferable votes. A voter who, at a
certain stage, wishes his vote, if transferred, to be shared
equally between the remaining candidates, can simply mark
those candidates as equal (i.e. last) preferences. Thus the
dilemma does not after all exist; both of the methods can be
used, and the voter himself can determine which is to be
used for his own ballot by the way that he marks it; failure
to rank a candidate indicates a genuine (partial) abstention.

This extension of the validity rules also enables condition
(C) of Paper | to be satisfied more closely. The condition
was:

(C) Thereis no incentive for a voter to vote in any way
other than according to his actual preference.

Here we are interpreting this condition in a particular way
not discussed in Paper |: the STV voting rules not merely
encourage but force a voter to vote other than according to
his preference in the restricted sense that, e.g. if he rates two
candidates as equa first he is not alowed to vote
accordingly, but must assign a preference order between
them which may well be arbitrary. In view of the importance
of first preferences in STV, this is undesirable. A voter is
similarly forced to make an unreal ordering of candidates to
which he is indifferent if, for example, he has listed his real
preferences but wishes to give the lowest ranking to a
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candidate he particularly dislikes. This kind of voting is
very common.

Permitting equal preferences thus gives much greater
flexibility to the voter to express his ordering of the
candidates, and is thus a desirable reform whether the
feedback method is used for counting or the Senate Rules
retained.4

7. Concluding remarks

Two distinct problems arise in the development of a voting
system; the information with regard to the choices which is
required from each voter, and the way in which this
information is to be processed to arrive at "the socia
choice".

The first problem is mainly outside the scope of these
papers, but has been touched on in the last section. It is a
basic assumption of STV that the individual preference
orderings of each voter is sufficient information® to obtain
the socia ordering, and the voting rule extensions described
above follow naturally from this principle, and indeed bring
STV more closely into ling, in a certain sense, with the
work of Arrow.6

The possible development of (preferential, transferable)
voting systems which use further relevant information is the
subject of continuing work.8

The second problem is the classical problem of decision
theory. Assuming the basic STV structure, these papers
have shown that the feedback method of counting is needed
to satisfy the declared aims of STV as a decision-making
procedure more consistently.

This improvement can be made without causing any more
difficulty to the voter, and allows the counting procedure to
be described by two simple principles instead of by a
collection of rules, some of which are rules of thumb.

The disadvantage of the method is the need for many
repetitive calculations, which for reasons of sheer
practicality rulesit out for manual counting except when the
numbers of vacancies, candidates and votes are small.
However, as pointed out in Paper |, an STV count is already
asufficiently tedious process for it to be worthwhileto use a
computer, and the additions to the feedback method
described in this paper would be simple to add to the
computer program.

As E G Cluff has pointed out,” one advantage of election
automation is that one is not restricted in the choice of
voting system to what is practically feasible in a manual
count. The feedback method can lead to different results
from the Senate Rulesin non-trivial cases, and istherefore a
choice to be considered when the automation of STV
electionsis being implemented.
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Computer counting in STV
elections

D R Woodall, Department of Mathematics, University of
Nottingham.

Douglas Woodall is Reader in Pure Mathematics at Nottingham
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Reprinted [with minor corrections] from Representation

23 (1983), 4-6.

The Single Transferable Vote is by far and away the fairest
form of electoral system. Nevertheless, when the counting in
STV dlections is carried out by hand, rather arbitrary
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decisions have to be made in order to simplify the count, and
these introduce anomalies. Although small in comparison with
anomalies present in other electoral systems, these anomalies
may affect the result, and are certainly annoying to the purist.

The biggest anomaly is caused by the decision, always made,
not to transfer votes to candidates who have already reached
the quota of votes necessary for election. This means that the
way in which a given voter's vote will be assigned may
depend on the order in which candidates are declared elected
or eliminated during the counting, and it can lead to the
following form of tactical voting by those who understand the
system. If it is possible to identify a candidate W who is sure
to be eliminated early (say, the Cambridge University Raving
Loony Party candidate), then avoter can increase the effect of
his genuine second choice by putting W first. For example, if
two voters both want A asfirst choice and B as second, and A
happens to be declared elected on the first count, then the
voter who lists his choicesas'A B ..." will have (say) one third
of his vote transferred to B, whereas the one who lists his
choicesas'W A B ..." will have all of hisvote transferred to B,
since A will already have been declared elected by the time W
is eliminated. Since one aim of an electoral system should be
to discourage tactical voting, this seems to me to be a serious
drawback.

If, on the other hand, one agrees that surpluses will be
transferred to candidates who have aready reached the quota,
then one has to do something to avoid the never-ending
transfer of progressively smaller surpluses between two
candidates. Whatever strategy one adopts, it is bound to
introduce other anomalies, albeit smaller than the one already
described.

If the counting is carried out by computer, however, no such
arbitrary decisions are necessary, as the never-ending transfer
can be carried out to completion, or at least until the surpluses
remaining to be transferred are less than (say) a millionth of a
vote. The resulting procedure is described in the next
paragraph in a different way. It is comparatively simple in
concept, and the undoubtedly long calculations are al safely
hidden inside the computer.

The counting is divided into rounds, in each of which one
candidate is eliminated. In each round of the elimination, a
scaling factor is assigned to each candidate, representing the
proportion that will actually be credited to him out of the
votes potentially available to him, in such away that:

1) a candidate who has aready been eliminated in a
previous round is assigned scaling factor 0, so that no
votes will be credited to him in the current round;

2) a candidate whose fate is undecided at the end of the
current round is assigned scaling factor 1, so that al the
votes potentially available to him are credited to him;
and
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3) a candidate who by the end of the current round has
a least the quota of votes necessary for election (and
S0 is certain to be elected) is assigned a scaling factor
less than or equal to 1 so that the number of votes
credited to him is brought down exactly to the quota.

The candidate with the smallest number of votes is then
eliminated, and the process is repeated until the number of
candidates remaining is equal to the number of places to be
filled.

For example, suppose that, in a given round of the counting,
candidates A and B are certain of election and have scaling
factors of two thirds and three quarters respectively, and
candidates C, D and E have aready been eliminated in
previous rounds, whereas the fates of the remaining
candidates remain undecided. Then a voter who lists the
candidates in the order C, A, D, B, E, F will, in the current
round, have none of his vote assigned to C. The whole of his
vote will be passed down to A, who will retain two thirds of
it. The remaining third of his vote will be passed over D and
down to B, who will retain three quarters of it (that is, one
quarter of a vote). The twelfth of a vote that is still
unassigned will be passed over E and down to F, who will
retain al of it.

The calculation of the scaling factors, which would be
prohibitively long to do by hand, could be carried out quite
easily by computer. However, once the computer had done
the work, it would be possible to check by hand that the
computer was correct; certainly this would take no longer
than carrying out the whole count by hand as at present.

(This situation is not unusual in mathematics. Suppose, for

example, that you were asked to find a number x between 1

and 2, accurate to seven places of decimals, such that (say)
X+ Xx4—4x3-3x2+3x+1=0.

You would find it very tedious to do so by hand, even with
the aid of a pocket calculator. Suppose, however, that a
computer were to do the work and tell you that the answer is
1.6825071; then it would take you only a few minutes to
check that the computer was correct.)

The size of computer required would depend on the size of
the electorate, on the number of placesto be filled and, to a
lesser extent, on the number of candidates. In the case of an
election with both avery large electorate and a large number
of places, it might even be impossible to carry out the
calculations in a reasonable time with the present generation
of computers.

However, for parliamentary elections, there would be no
problem: the calculations could be done quite easily even on
amini-computer.

Since proposing the above method, | have learnt that it is
not new; a differently worded but exactly equivalent method
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was proposed by Brian Meek in 1969.1.2 | hope it will be
possible to agree that, whenever computer counting is used
in STV elections, this method should be used.
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Introduction

Whatever criticisms may be levelled against First-Past-The-
Post as a system of voting, at least the system has the merit
that, although the count may be conducted in many ways,
all ways give the same result. The Single Transferable Vote
is demonstrably a better system of voting, but the system
has the disadvantage that the result depends upon how the
counting is conducted.

Counts have been done in many ways, and in some peculiar
ways by some well-meaning, but unversed, enthusiasts for
STV. One of the commonest methods of conducting the
count, and indeed the method that the Electoral Reform
Society uses, is that given by Newland and Britton.1 Their
paper tells one how to conduct a count by their method, but
not why they make many of the arbitrary decisions that they
do. Woodall2 has suggested that they are made for
expediency — to simplify the count — and he goes on to
propose another method, which he advocates whenever
computer counting is used. As Woodall points out, his
method would be prohibitively long with human counting.
As Woodall also states, a differently worded but an exactly
equivalent method to his had been proposed by Meek in
1969.34

The object of this paper is, first, to consider some of the
principles that are felt to be important in deciding upon a
method for conducting the count, and then to go on and
propose a method that meets these principles.

Principles

The first principle of the STV system is that election is by
gquota. A candidate is deemed elected when the vote
assigned to him attains a given quota. The quota is chosen
as the minimum vote which will not alow more than the
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required number of candidates to be elected. Thisisthe Droop
guota, and is the total valid vote divided by one more than the
number of candidates to be elected.

The second principle concerns the transference of a voter's
vote to the preferences later than his first preference. The
voter needs to be assured that his later preferences will in no
way upset the voter's earlier preferences. Equally a voter's
later preferences should not be considered unless, in regard to
each earlier preference candidate, either the voter has borne an
equal share with other voters who have voted for that
candidate in giving him the necessary quota, or that earlier
preference candidate has been eliminated. The way in which
Newland and Britton conduct a count does not meet this
principle.

The third principle concerns the elimination of candidates.
Unfortunately no-one appears to have proposed a principle in
this regard. So what is usualy done is that, when no candidate
has a surplus above the quota, in order to alow the count to
continue, the candidate whose voteis least is eliminated.

Method

If, after counting the first preference votes, the votes for one
or more candidates exceed the quota, then the essential feature
of the method proposed here is that these candidates are
allowed to retain only part of the vote that had been expressed
for them such as will give each candidate just the necessary
guota. The part of the vote that the candidate retains is called
the "amount retained’. The voters who have voted for one of
these candidates, for whom the amount retained is x;, say,
then have an amount remaining of (1-x;), which is then
transferred to the voters expressed second preferences. If an
expressed second preference has an amount retained of X,
say, and if x;+X, is less than unity, then the voter still has an
amount remaining of (1-x;—x,), which is then transferred to
the expressed third preference, and so on. Proceeding in this
way, the end of the first stage of the count is reached when
some candidates have just the quota, whereas the remainder
have varying amounts of vote less than the quota.

The candidate whose vote at the end of the first stage is least
is diminated. This means that, wherever his name appears on
a ballot paper, it is 'passed over', and, in effect, al the later
preferences are 'moved up one'. Elimination of a candidate
will usually cause the votes for some other candidates to
exceed the quota. The amount to be retained by each
candidate is then reduced to such lower value as will give
each candidate just the necessary quota. Voters who have
voted for these candidates with reduced amount retained will
then find that they have more vote remaining for transference
to later preferences. Proceeding in this way, at the end of each
stage of the count, some candidates will have just the quota,
whereas the remainder will have varying amounts of vote less
than the quota.
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Eventually the number of non-eliminated candidates will be
reduced to one more than the number to be elected. When the
amounts to be retained are now recalculated so as to reduce
each candidate's vote to the necessary quota, al candidates
will have just the quota, so the one candidate who has an
amount retained of just 1 isthe one eliminated. The remaining
candidates are deemed €l ected.

If at any stage a ballot paper does not contain sufficient
preferences for transference to be made, then the balance of
vote is ascribed 'non-transferable’, and the quota is
recal culated excluding the non-transferable vote.

The main question that the proposed method of conducting
the count poses is: how does one decide upon the amount to
be retained by each candidate at each stage? From what has
been said, the amounts retained have to be such that, when the
count is made, each candidate to whom an amount to be
retained of less than 1 has been assigned achieves just a quota.
The problem of finding the amounts retained, and the
associated quota, is a mathematical one which is relatively
straightforward, even if protracted, but which a computer can
help to solve. Here we are concerned only with the principle,
not with precisely how the task be done. However, it is not
necessary for everyone to know how to assign the amounts
retained. As Woodall2 has exemplarily pointed out, it is only
necessary for anyone to be able to check that the assigned
amounts retained do in fact achieve the desired resullt.
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The Meek system and the Warren system for counting an STV
election are very similar, but whereas the fractions of a vote
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retained by successive elected candidates are multiplicative
under Meek, they are additive under Warren. For example, if
candidate A is keeping 1/2 of everything received and
candidate B is keeping 1/3, a vote reading AB... will, under
Meek, give 1/2 of avoteto A and 1/6 of avoteto B (i.e. /3
of the remaining 1/2), leaving 1/3 of a vote to be passed on
further. With those same fractions under Warren, a similar
vote will give 1/2 of a vote to A and 1/3 of a vote to B,
leaving 1/6 of a vote to be passed on further. (It should be
noted, though, that in any actual case the fractions will not
usualy be the same under the two systems). The Warren
system will often lead to the situation where not enough
vote remains for the fraction required; in such a case al that
remains is taken and nothing remains to go any further.

There is no difference in the ease of writing a computer
program to satisfy the one system or the other; the choice
can be made solely on which is regarded as better in
principle. It should also be reported that in real examples of
STV dections, as distinct from artificially constructed
examples, no case has yet been found where the two elect a
different set of candidates, so the difference for rea life
seemsto be dight.

There has been much argument over which system is to be
preferred. In the end, we have settled on a particular
example which demonstrates that each system can be said to
suffer from a difficulty that the other one solves. It must
therefore be a matter of judgement which difficulty is
regarded as the more serious, rather than a firm decision of
one always being better than the other.

The Meek rationale is that all transfers from a surplus
should be in proportion to the 'votes-worth' put into that
surplus. Thus 5 identical votes, each of current value 1/5,
should have the identical effect to that of 1 complete vote
for the same preferences. The Warren rationale is that no
voter should be allowed to influence the election of an
additional candidate until having contributed as much as any
other voter to the election of each candidate who has already
been elected and is named earlier in the voter's preferences.
Thus the 5, each of value 1/5, are to be treated as 5, not as
the equivalent of 1.

The example that shows the differences has 5 candidates for
3 seats and 32 votes, leading to a quota of 8.0. The votes
are

12ABC, 12BE, 7C, 1D.

Meek supporters can point out the Warren anomaly that A
and B each had a substantial surplus on the first count, yet
the 12 ABC votes are given by the Warren system entirely to
A and B and, in consegquence, C fails to get the 1 extra vote
needed for election and E takes the third seat. Under Meek,
C easily beatsE.

Warren supporters can point out the Meek anomaly that if
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the 12 ABC voters had voted BAC instead, the Meek
system would have behaved exactly like the Warren system,
and E would have beaten C. It seems illogical that the
choice of C or E should depend upon the ordering by those
12 voters as ABC or BAC when A and B were both elected

Deciding between the two systems must therefore remain a
matter of personal preference.

It may be of interest to see exactly how each of the two
systems would treat this example. Each would note that A
and B are both elected on the first count, each having 12
first preferences for a quota of 8.

The Meek system would calculate that A needs to keep 2/3
of everything received whereas B needs to keep 1/2, these
fractions being derived so that each of A and B keeps
exactly aquota. The 12 ABC votes would be allocated as
2/3 of 12 = 8 to A, 1/2 of the remaining 4 = 2 to B, the
remaining 2 to C. The 12 BE votes would be allocated as
1/2 of 12 = 6 to B, the remaining 6 to E. At the next count
the current votes would thereforebe A8,B8,C9,D 1, E6.
The third seat is thus assigned to C and no more needs to be
done.

The Warren system would calculate that A's amount
retained needs to be 2/3 and B's 1/3, again derived such that
(under the different counting method) each of A and B
keeps exactly a quota. The 12 ABC votes would be
allocated as 2/3 of 12 =81to A, /3 of 12 =4 to B. The 12
BE votes would be alocated as 1/3 of 12 = 4 to B, the
remaining 8 to E. At the next count the current votes would
thereforebe A 8, B 8, C 7, D 1, E 8. The third seat is thus
assigned to E and no more needs to be done.
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Editorial

\oting matters is concerned with the implementation of the
Single Transferable Vote. However, STV is merely one
method of analysing ballot papers in which preferential voting
is used. In consequence, other methods of analysis could
provide some insight into STV. In this issue, one particular
problem of STV is highlighted, namely that of the elimination
of a popular candidate with few first-preference votes. David
Hill and Simon Gazeley provide algorithms to ‘ overcome’ this
problem and discuss the consequences. Due to the
impossibility of satisfying apparently simple requirements,
Douglas Woodall has shown that overcoming the above
problem is bound to introduce other anomalies.

Brian Wichmann.

STV with successive
selection — An alternative to

excluding the lowest
S Gazeley

Simon Gazeley is a civil servant working in Bath. He is a
member of Council and of the Technical Committee of the
ERS.

The problem with current STV systems

A feature of STV which is not shared by other preferential
voting systems is election on attaining a certain number of
votes (the ‘quota’). If the number of candidates who have a
quota of first preference votes is insufficient to fill all the
seats being contested, those which are left are filled by
candidates whose quotas contain votes which have been
transferred from other candidates. These transfers take two
forms. of surpluses above the quota for election from
candidates who are aready elected, and of all the votes
previously standing to the credit of candidates who have been
excluded in accordance with the rules.
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When it is necessary to withdraw a candidate from contention,
al versions of STV currently in use exclude the one who has
fewest votes at that time. It is contended that the
consequences of this rule in conventional STV formulations
can be haphazard and therefore unjust in their effect. Consider
the following count:

AD 35
BD 33
Ch 32

There are here 3 separate and substantial majorities: against
A, against B and against C. The only thing that all the voters
agree on is that D is preferable to two out of the other three
candidates; yet STV excludes D first, however many seats are
being contested. Unfairness and anomalies such as this arise
because candidates are excluded before the full extent of the
support available to them has been investigated. Even though
every ballot-paper may have the same candidate marked as
the next available preference, that candidate will not survive if
they do not have enough votes now.

An even more serious consequence of the ‘exclude the lowest’
rule is that it is possible for voters to assist their favoured
candidates by withholding support rather than giving it.
Consider the following election for one seat:

AC 13
BC 8
CA 9

Having been excluded, B's votes go to C, who now has an
absolute majority and gets the seat. But suppose that two of
A's supporters had voted BC instead:

AC 11
BC 10
CA 9

Now C isexcluded first and A gets the seat.

Is it possible, then, to remove this anomay without
introducing another? The answer, unfortunately, is ‘no’.
Woodalll proposed that every count under any reasonable
electoral system should have the following four properties:

1. Increased support, for a candidate who would
otherwise have been elected, should not prevent their
election;
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2. a Later preferences should not count against earlier
preferences,

b. Later preferences should not count towards earlier
preferences,

3. If no second preferences are expressed, and there is
a candidate who has more first-preference votes than
any other candidate, that candidate should be elected;

4. If the number of ballots marked X first, Y second
plus the number marked Y first, X second is more
than half the total number of ballots, then at least one
of X andY should be €lected.

He then proved that no such system can be devised.

We have already noted that current STV systems can (but
usually do not) fail on Woodall's first property; this is the
failure that in Dummett's? eyes precludes consideration of
STV as apossible option for public electionsin the UK. As
no system can have all four properties, a price for having
one has aways to be paid in terms of lacking at least one
other. Under the system proposed below, some counts (but
by no means all) may fail to have Woodall's first or second
property, but al will have the other two. Whether the price
is worth paying is a question to which no definitive answer
can be given: it is ultimately a matter of personal preference.

STV by successive selection (SS)

The object of exclusion in current STV formulas is to
release votes from one candidate to be transferred to others
so that one or more of them will get a quota. STV(SS)
retains the transfer of votes from candidates who are not yet
elected, but differs from present STV systems in that no
candidate is permanently withdrawn from contention. When
it becomes necessary to release a candidate's votes, that
candidate is ‘suspended’ (withdrawn temporarily) after
being identified as the one whose election to the next vacant
seat would be |east appropriate.

Manual STV systems need to keep within reasonable
bounds both the time taken to count an election and the
scope for human error and this need can give rise to
anomalies. Meek3 and Warren* have devised schemes
without these anomalies for distributing votes which would
be impracticable using manual methods. STV(SS) is
designed (but not yet programmed) to be run on a computer
using either of these schemes, but only one should be used
in any one election.

In addition to Woodall's four properties, every count under a
reasonable system would have the property that of a set of d
or more candidates to which d Droop quotas of voters are
solidly committed, more than (d-1) should be elected; if the
set contains fewer than d candidates, al of them should be
elected. According to Dummett, a group of voters are
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‘solidly committed’ to a set of candidates if every voter in
the group prefers all candidates within the set to any
candidate outside it. STV(SS) and other STV formulas
achieve proper representation of sets of candidates by
withdrawing from contention candidates who have less than
a quota of votes and by transferring surplus votes from
those candidates who have more than a quota.

The principle underlying STV(SS)

STV(SS) is predicated on the proposition that when no
surpluses remain to be transferred, there is only one
candidate (barring ties) who is the most appropriate
occupant of the next seat. Appropriateness depends among
other things on who has been elected already: if Candidate
X is the ‘most appropriate’ and Candidate Y is the ‘next
most appropriate’ at any given point, it does not follow
when X is elected that Y is now the ‘most appropriate’. The
next candidate to be elected is the one who can command a
guota and for whose election the other non-elected
candidates need to sacrifice the smallest proportion of their
votes.

Under STV(SS), each non-elected candidate in turn is tested
to see what proportion of the votes of the other non-elected
candidates have to be passed on in addition to the surpluses
of the elected candidates to give them the quota. Of those
who can command a quota, the candidate who requires the
smallest proportion of the others votes is the ‘most
appropriate’ to be elected next. The process is best
illustrated by an example. Consider the following votes for
one seat:

A 49
BC 26
CB 25

No candidate has a quota, but instead of excluding the
lowest we test each candidate in turn to see which is the
‘best buy’. Let ustest A first. The quotais 50 and B and C
have 51 votes between them; we therefore change their
Keep Values (KVs: see the Annex for further details) from
1.0 to 50/51 (0.9804). At the second distribution the votes
look like this:

A 49.0000
B 25.9708
C 25.0096

The new total of votes is 99.9804, making the quota
49.9902. A still has not got the quota, so the count
proceeds. Thefinal distribution looks like this:

A 49.0000
B 24.8216
C 24.1784
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At this point, we record the fact that the common KV of B and
Cis0.8020. If we now test B, we find that the final common
KV of A and C is 0.5152; when we test C the common KV of
A and B is 0.5050.

At first sight, A seems the obvious choice to get the seat:
however, if A were to be successful, Woodall's fourth property
would be lacking. No candidate should be elected who cannot
command a Droop quota of the votes which are active at the
time of their election. If we remove C from contention (C is
‘least appropriate’ as the other candidates had to give up the
greatest proportion of their own votes to secure C's quota) and
redistribute C's votes, B now secures a Droop quota and is
elected.

But why make the selection on the basis of the other
candidates final KVs? The reason is that these represent the
degree of support that exists for the proposition that a given
candidate should be added to the set of elected candidates.
Suppose that some of the votes in an election were cast as
follows:

AC 54
BC 45

(there may be other candidates and other votes, but these need
not concern us) and that it is necessary for 33 of these votes to
be passed from A and B to C. Thisis achieved by setting the
common KV of A and B at 0.6667 — A and B have to pass on
0.3333 of the current value of each incoming vote to secure
C'squota. But suppose the votes had been

ABC 54
BAC 45

the other votes and candidates being the same. This time, to
give 33 votes to C, the common KV of A and B has to be
0.4226 i.e. 0.5774 of the current value of each incoming vote
has to be passed on, over 1.7 times as much. The lower a
candidate is in the order of preference of the average vote
being considered at any point, the lower the common KV of
the other non-elected candidates has to be in order to give that
candidate a quota.

How STV(SS) works

STV(SS) has two parts: detailed instructions to the computer
aregiven in the Annex. What followsis agenera description
and explanation of their functions.

Thefirst part

In the first part, the non-elected candidates are ranked in
‘order of electability’, which forms the basis on which
candidates are elected or suspended. All the non-elected
candidates are sub-classified at the start as ‘contending'.
There are two further sub-classifications, namely ‘under test’
and ‘tested’; only one candidate at a time is under test. The
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object is to ascertain for the candidate under test what
proportion of the votes of the contending and tested
candidates it is necessary to pass on to give them the current
quota. Each non-elected candidate in turn is classified as
under test. If a candidate under test is classified as elected,
thefirst part is repeated.

When the candidate under test and the elected candidate have
Q or more votes each, the candidate under test has recorded
against their name the common KV of the contending and
tested candidates: this is that candidate's ‘electability score’.
When all the non-elected candidates have been tested, they are
ranked in descending order of electability score: this ranking
is for use in the second part. An electability score of 1.0
indicates that the candidate needs to take no votes from other
unelected candidates to get the quota, so there is no reason not
to classify that candidate as elected at once.

The second part

In the second part, the next candidate to be elected is
identified on the basis of their ranking from the first part and
their ability to command a Droop quota of votes. The highest
candidate in the ranking is elected as soon as it is shown that
they can command a Droop quota of currently active votes. If
the highest candidate cannot, the second highest non-
suspended candidate gets the seat instead. In this part, non-
dected candidates are sub-classified as ‘contending’,
‘protected’ (contending candidates become protected when
they get a quota) and ‘suspended’; they are al classified as
contending at the start. Suspended candidates have a KV of
0.0. At the end of the procedure, al the candidates KVs are
reset at 1.0.

Contending candidates are suspended in reverse order of
ranking: protected candidates cannot be suspended before the
next candidate is classified elected. The fact that a candidate
has a Droop quota of currently active votes now does not
necessarily indicate that they will achieve one at a subsegquent
stage and vice-versa. The rankings obtained in each pass
through the first part are crucially dependent on which of the
previously contending candidates was elected in the preceding
second part.

An example
Let us see how STV (SS) works on the examples on page 1:
Count 1 Count 2
AC 13 AC 11
BC 8 BC 10
CA 9 CA 9
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In Count 1, the ranking is A (the common KV of the other
two candidates would be 0.7962), C (0.7143) and B
(0.2023), so B is suspended first and C gets the seat. The
Count 2 ranking is C (0.7143), A (0.6311) and B (0.2929); B
is once more the first to be suspended so C again gets the
Seat.

Conclusion

As specified above, the system appears to be long-winded:
there are possible short-cuts, but these would obscure
essentials and have been excluded.

STV(SS) is a logical system which is submitted as a
contribution to the continuing debate on what the
characteristics of the best possible system might be.
Refinements are necessary (for instance, a way of breaking
ties has to be devised), but there is here the basis for a
debate.
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Annex

STV(SS) — Detailed Instructions
Thefirst part

1. If thereis any candidate for whom no voter has expressed
any preference at al, treat every such candidate as having
withdrawn. If fewer than (N+1) candidates remain, end the
count; otherwise, set the ranking of every remaining
candidate to equal first.

2. Classify every non-elected candidate as contending and
repeat the following procedure until there are no contending
candidates | eft:
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a Set every candidates KV at 1.0 and select a
contending candidate to be the candidate under test.

b. Examine each ballot-paper in turn and distribute the
value of the vote in accordance with the voter's
preferences and the KV's of the candidates as follows:

Either

i. The Meek Formulation. Offer the vote to each
candidate for whom the voter has voted in
order of preference expressed. Multiply the
fraction of the vote which has not yet been
allocated by the KV of the candidate to
whom it is being offered, and allocate that
proportion of the vote to that candidate. Any
part of the vote |eft over after all the
candidates for whom the voter has voted
have received their share is non-
transferable.

or
ii. TheWarren Formulation. Offer the vote to

each candidate for whom the voter has
voted in order of preference expressed.
Award to each candidate in turn a fraction of
the vote equal to that candidate's KV; if the
fraction of the vote remaining isless than
the KV of the current candidate, award all
that isleft to that candidate. Any part of the
vote |eft over after al the candidates for
whom the voter has voted have received
their share is non-transferable.

c. Calculate the quota according to the formula
Q=V/(N+1), where V is the tota number of votes
credited to al the candidates and N is the number of
seats being contested.

d. If the elected candidates and the candidate under test
have at least Q votes each, go to Step e. Otherwise,
calculate new KVsfor al the candidates as follows:

i. For al the elected candidates and the candidate
under test, multiply the current KV by Q and divide
the result by that candidate's current total of votes.

ii. Multiply the common KV of the contending can-
didates and the tested candidates by (VHE+1)Q)/T,
where E is the number of candidates elected so far
and T is the tota of the votes credited to the
contending and tested candidates.

If any new KV exceeds 1.0, reset it at 1.0. Go to Step
b.

e. Record the common KV of the contending and tested
candidates against the name of the current candidate
under test; let this be that candidate's ‘electability
score’. Classify that candidate as tested.

3. If no tested candidate has an electability score of 1.0,
rank the tested candidates in their existing order within
descending order of electability score and go to Step 5.
Otherwise, classify as elected every tested candidate whose
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electability scoreis 1.0.

4. If there are N €elected candidates, end the count. Otherwise,
go to Step 2.

The second part

5. Classify every non-elected candidate as contending and set
every candidate's KV to 1.0. Repeat the following procedure
until either the highest-ranked contending or protected
candidate and the elected candidates have Q or more votes
each, or there are only N non-suspended candidates.

a. Examine each ballot-paper in turn and distribute the
value of the vote in accordance with the voter's
preferences and the KV's of the candidates as follows:

Either
i. The Meek Formulation. Offer the vote to each

candidate for whom the voter has voted in
order of preference expressed. Multiply the
fraction of the vote which has not yet been
allocated by the KV of the candidate to whom
it isbeing offered, and allocate that proportion
of the vote to that candidate. Any part of the
vote |eft over after al the candidates for
whom the voter has voted have received their
shareis non-transferable.

or

ii. The Warren Formulation. Offer the vote to each
candidate for whom the voter has voted in
order of preference expressed. Award to each
candidate in turn afraction of the vote equal
to that candidate's KV; if the fraction of the
vote remaining is less than the KV of the
current candidate, award all that is |€eft to that
candidate. Any part of the vote left over after
al the candidates for whom the voter has
voted have received their shareis non-
transferable.

b. Calculate the quota according to the formula
Q=V/(N+1), where V is the total number of votes
credited to all the candidates and N is the number of
seats being contested. Classify any contending
candidate with Q or more votes as ‘ protected'.

c. If any candidate has more than Q votes, calculate a new
KV for each such candidate by multiplying their present
KV by Q and dividing the result by their present total of
votes. Otherwise, suspend the contending candidate
who isranked lowest.

6. Classify as elected the highest-ranked contending or
protected candidate.

7. If N candidates are elected, end the count: otherwise, go to
Step 2.
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Sequential STV
I D Hill

David Hill is a retired statistician. He is a member of Council
and Chairman of the Technical Committee of the ERS.

The Meek system for counting an STV election overcomes
most of the troubles encountered in using older systems
designed for counting by hand, but the problem of premature
exclusion remains. Premature exclusion of a candidate occurs
when someone is the lowest because hidden behind another
who, in the end, is also not going to succeed. If A, who would
otherwise have been elected, fails because B stood and was
elected instead, it is bad luck for A but there is nothing
disturbing about it in principle. If, however, A fails because B
stood, but then B does not get in either, that is disturbing.

Exclusion of the lowest candidate, when an exclusion is
necessary, is the trouble. After al, if the so-called first past
the post is not necessarily the right person to elect, then
neither is the last past the post necessarily the right one to
exclude. Is there some other way of handling things that
would do better? What is needed is a mechanism to discover
initially which candidates have some hope of election and
which have virtually none, and to get rid of the ‘no-hopers’ at
the start of the count. Others cannot then suffer from their
presence.

Let the election be to fill k seats from n candidates, and let m
=n -k Sequential STV then consists of a number of main-
phases and sub-phases, each being an STV election for k seats
but with varying selections of candidates. The STV elections
are preferably conducted using Meek-style counting but other
rules could be used.

Main-phase 1. All n candidates, but instead of dividing into
elected and excluded, divide them into probables and others
respectively. Set all n candidates to unmarked.

Sub-phase 1.1. Thek probables plus any other one candidate.
Set the winners to marked.

Sub-phase 1.2. The same k probables plus any other one
candidate not yet tested. Set any unmarked winners to
marked.

€tc.

Sub-phase 1.m. The same k probables plus the last candidate
not yet tested. Set any unmarked winners to marked.

If at any sub-phase there is a tie that has to be settled using
random selection, then all k + 1 of the candidates involved are
set to marked.
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Main-phase 2. All marked candidates, dividing into
probables and others. If the resulting set of probablesisthe
same as a previous set, those candidates are elected and the
process finishes. Otherwise reset al n candidates to
unmarked and continue.

Sub-phases 2.1 - 2m. As 1.1 - 1.m but using the new
probables.

Main-phase 3. As main-phase 2.
€etc. etc.

It may be noted that anyone getting a quota of first
preferences on the original count is, in fact, certain to be
elected in the end, but to be classified for the time being as
probable does no harm.

The process must terminate because there is only a finite
number of sets of k that can be formed from n. Usually it
will terminate with two successive main-phases showing the
same set of k probables. In that case the result is firmly
established. If, however, the two showing the same set are
not successive it will mean that the system is cycling in
Condorcet-paradox style. In that case it may be that a better
rule could be devised than taking the first set to occur twice
but it has to be recognised that a totally satisfactory answer
isimpossible.

Each candidate is given afair chance by being tested against
each new set of probables and since each sub-phase consists
of only k + 1 candidates for k seats, exclusion is never
necessary during the sub-phases so the ‘exclude the lowest’
ruleis not operative there.

Example

With 5 candidates for 2 seats, suppose the votes

104 AEBCD
103 BECDA
102 CEDBA
101 DEBCA
3 EABCD
3 EBCDA
3 ECDBA
3 EDBCA
It is evident that E is a strong candidate, in that if any one of
A, B, C or D were to withdraw, E would be the first elected.
Yet under simple STV the first action is to exclude E, and B
and C are elected. Under sequential STV wefind
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Phase Candidates Winners Probables Marked

1 ABCDE BC BC

1.1 BCA BC BC
1.2 BCD BC

1.3 BCE BE E
2 BCE BE BE

2.1 BEA BE BE
2.2 BEC BE

2.3 BED BE

3 BE BE BE

B and E are consequently elected. It will be noted that
some €elections may be repeats of ones already done (main-
phase 2 and sub-phase 2.2 in the above example are both
repeats of sub-phase 1.3). The result may of course merely
be copied down without actually repeating any calculations.

Should it be used?

If any scheme is to be adopted to get rid of (or at least to
ease) the problem of premature exclusion, | believe that this
is about as good as can be devised. Yet, after much
consideration, | do not recommend it for general use,
because it breaks the rule, which smple STV always obeys,
that a voter's later preferences ought not to interfere with
that voter's earlier preferences.

The following example to demonstrate this trouble is
derived from those that Douglas Woodall devised to prove
his ‘impossibility’ theorem. Let there be 3 candidates for 1
seat and votes

25 A
17 BC
16 C

Phase Candidates Winner Probable Marked

1 ABC A A
1.1 AB A A
1.2 AC C C
2 AC C C
2.1 CA C C
2.2 CB B B
3 BC B B
3.1 BA A A
3.2 BC B B
4 AB A A

So A iselected. But if the A voters had put in C as a second
preference, we get

25 AC
17 BC
16 C
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Phase Candidates Winner Probable Marked
1 ABC A A

1.1 AB A A
1.2 AC C C
2 AC C C

2.1 CA C C
2.2 CB C

3 C C C

and C is elected. So the A voters have failed to elect A
because they gave C as a second preference.

Even if thisisarare event, it still means that we cannot assure
voters that their later preferences cannot upset their earlier
preferences. | believe that this is too high a price to pay.
There is not much point in reducing the frequency of one type
of fault if, in doing so, you introduce another fault as bad.

Only one seat

The system is redly intended, as is STV in general, for
situations where there are several seats to be filled, but it can
aso be used in place of Alternative Vote for a single seat.
Trying it out on many examples suggests that, for realistic
voting patterns, it is amost certain to elect the Condorcet
winner if there is one, but artificial examples can be devised
to demonstrate that there is no guarantee that it will do so.

For example, let there be 4 candidates for 1 seat and votes

98 ADCB
98 CDBA
99 BDAC
3 ACBD
2 CBAD

Phase Candidates Winner Probable  Marked

1 ABCD A A

1.1 AB B B
1.2 AC A A
1.3 AD D D
2 ABD B B

2.1 BA B B
2.2 BC C C
2.3 BD D D
3 BCD C C

3.1 CA A A
3.2 CB C C
3.3 CD D D
4 ACD A A
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So A is elected, even though D would be the Condorcet
winner (for the results of AD, BD and CD are al D). It
should be emphasised, though, that this is not likely in
practice but only with carefully devised artificia examples.
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Two STV Elections

B A Wichmann

Brian Wichmann is the Editor of Voting matters, and is a Visiting
Professor in Computing at The Open University.

| believe two STV elections may be of interest to the readers
of Voting matters, due to the implications of the results on the
properties that an ideal STV algorithm should (perhaps) have.

The first election is the Eurovision Song contest for 1992
which is an interesting election to analyse since the votes are
publicly available, in spite of the voters not knowing of the
other votes. Each country votes for the songs of other
countries by awarding 12, 10, 8, 7, 6, 5, 4, 3, 2 and 1 points,
which can be transcribed into STV preferences.

The points system gave for those over 100: Ireland (155), UK
(139), Mdlta (123), and Italy (111). Since the points total is
given after each country has voted, the commentator (Terry
Wogan) reported that Ireland was unbeatable by the UK
before the last few countries voted. An analysis of the votes
by other means is quite different.

The ERS hand counting rules declare the UK as the winner, as
does the Meek STV agorithm. However, more countries
preferred Ireland to the UK than the contrary (by 12 to 11,
rather close). Indeed, by the Condorcet rules, Ireland would
be the winner, since Ireland is preferred to any other country
by a mgjority. The reason that the ERS rules elect the UK is
that Ireland is eliminated earlier, leaving the last contest
between Malta and the UK, which the UK wins. The Meek
agorithm is similar, but with Italy being the last to be
eliminated.

One STV dgorithm due to Tideman considers all possible
pairs of results. In the case of a single seat, Tideman will elect
a Condorcet winner (assuming there is one) and hence
chooses Ireland in this case. One is therefore left to wonder if
an ‘ideal’ STV agorithm should always elect a Condorcet
winner, assuming thereis one.
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The second election is one for which | acted as returning
officer for arather unusual ‘election’ at my place of work.

The research institute at which | work has had a library for a
group of about 60 scientists for at least 30 years. As the
research has changed over the years, new journals have been
ordered. However, except in obvious cases, it has not been
clear which journals should be cancelled — especialy since
a complete ‘run’ of a journa will be lost. | therefore
proposed that an STV election be run to determine which
journals should be cancelled and which new ones to order.

The management agreed to this proposal and hence | ran the
election as follows: A list was obtained of the (about) 200
journals, which were assigned a code. The scientists were
asked to place up to 40 journals in preferential order, being
given about a month to place their ballot.

Quite a hit of effort is necessary to fill in the ballot paper.
Nobody attempted more than the 40 preferences, the
average being about 20. About half of those eligible voted,
which | thought was quite reasonable, since quite a few
would have no direct use for the library.

The ballot revealed that 4 journals were in the library but
not on the list provided. Eight journals were written in by
electors which were not in the library.

The analysis of the results proved very interesting. With 31
people voting for a total of 198 journals, the quota is a lot
less than 1. This implies that about the first six preferences
would be selected for any reasonable number of journals.
However, there was not a fixed number of ‘seats’, and hence
| had to decide what threshold to set. Due to the difficulty
for the electors, | did not interpret the ballot papers
according the usual ERS rules. In one case in which one
preference was unclear, | omitted that preference but did not
ignore subsequent preferences. In two other casesin which a
journal was selected twice, | merely ignored the second
choice.

Aninitial analysis showed that 27 Journals did not appear in
any position on the ballot papers. This gave an instant
selection of journas to cancel. | ran the ballot with the
option to cancel 10 and 20 further journals.

| have severa STV agorithms available on my home
computer which | used to compute the result. | had decided
in advance that | would use the Meek algorithm for the
election, but the other versions could be used to see what
difference it made.

The first problem was that the programs | had, required a
trivial modification to handle as many as 200 ‘candidates'.
After having made that modification, it was found that the
programs would not work on my PC because the full results
over-filled my floppy discs! A further modification was
needed to output only the final table and a summary of the
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eliminations and €l ections.

The three versions of STV were:

1) The Meek agorithm, as published in the Computer
Journal (1987, Vol 30, p277)

2) The ERS hand-counting rules (as programmed by
David Hill)

3) The Tideman algorithm, as approximated by my
program.

The ERS results were quite unacceptable which shows that
the hand-counting rules do not seem to have been used upon
such an election. The problem is that if the election is run
with the same number of seats as those selected in any
preference, the algorithm does not select just those selected
by the electors! This problem can be expected of any
algorithm that does not see subsequent preferences.

The other two algorithms produced virtualy identical
results. With the reduction to 20 fewer journals than those
selected, one difference was found between Meek and
Tideman. A manual inspection of the results with the two
journalsin question, showed no clear distinction.

After producing the result, | computed for each of the 31
ballots, the way in which the final stage of the ballot had
divided up the vote. This information was given to each
elector. It created further interest in the STV algorithm.
Those who had given more preferences had, in general, a
lower non-transferable loss. However, the variations were
very large. For instance, a person would gave the largest
number of preferences (36) had a small loss, while a person
would gave 15 preferences had no non-transferable loss.

| conclude from this election that STV can be used for such
selections, but that the ERS hand-counting rules are not
appropriate. Also, any STV agorithm approved by ERS in
future should not suffer from this noted defect. Namely, if
only N candidates are represented in the preferences and N
is the number of seats, then the algorithm should elect those
N. This requirement does not seem to lead to additional
problems. It appears that the STV agorithms which
recompute the quota can satisfy this requirement, since in
the particular circumstances the entire ballot papers are then
processed.
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An STV Database

B A Wichmann

Since we know that no single algorithm for STV can have all
the properties one might like, it appears that some statistical
analysis may be needed to select an optimal algorithm. People
do not vote at random and therefore any effective analysis
must take into account voting patterns. For instance, if voters
aways voted strictly along party lines, proportional
representation among such parties would be an important
factor.

Collections of ballot papers from real elections would be
useful for any practical analysis. There is a de facto standard
for the representation of ballot papersin a computer, being the
form used by the Meek agorithm. Hence collection of such
data is practical and useful. Both David Hill, Nicholas
Tideman and myself had such collections, accumulated
informally over several years. | have now put this collection
into a consistent framework so that the material can be
provided to anybody who would like it — merely post a
floppy disc to me, and | can return the disc with this data.

The data available has been classified in a number of ways as
follows:

Real: Data here is that from real elections, with the
possible exception that a statistical sample of the total
ballot papers would be acceptable. The reason for thisis
that it presents a means of providing ‘rea’ data without
providing the total information. There are potentia
dangers in analysis of real data, since an aternative
algorithm could elect a different person, giving rise to
concerns about the election itself, rather than the
principles involved. Another reason for accepting a
subset of al the votes is that this is al that may be
feasible for a large election. Obvioudly, this data is
provided in aform which precludes the identification of
the election involved. There are currently 46 data setsin
this class.

Mock: Thisis data from genuine elections, except that no
position or office is at stake. Mock elections are often
used to educate people into the principle of STV. There
are currently 2 setsin this class.

Semi: Elections in this class are not genuine elections,
but are clearly related to real elections. Examplesin this
class are ‘ballot’ papers derived from published STV
elections (from Northern Ireland), elections from the
Eurovision Song Contest and €elections in which there
was no fixed number of ‘seats’. There are currently 21
data setsin thisclass.

Test: Datain this class are not derived from any election
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but have been constructed to demonstrate the difference
between some algorithms, show a bug in a computer
algorithm, or some similar purpose. There are currently
129 inthisclass.

I would very much welcome additional data, especially from
real elections in which some ‘party’ aspect is involved. The
data can be provided in a form in which the origin cannot be
traced. | have analysed an Irish election to produce a single
data set in the Semi class, but thisis very time consuming and
has to make a number of assumptions to produce anything
like the actual ballot papers. Hence real data is much superior.

|s a feedback method of
calculating the quota really
necessary?

R JC Fennell

Robin Fennell is a retired radar technician with the RAF and
more recently, a Customs Officer. He has been a member of
ERS since an abortive attempt to introduce STV into his
union elections. He is currently active in transport and
defence campaigning as well as electoral reform.

The March issue of Voting matters reprinted papers by B L
Meek, 12 D R Woodall 3 and C H E Warren.# In this paper |
will propose that their feedback method of calculating the
guota is not necessary. To do this | will consider some of the
basic principles of the Single Transferable Vote (STV) system.

One problem identified® is that if a candidate is elected any
further preferences for that candidate are passed over. The
guestion to be considered is ‘ are elected candidates continuing
in the election or should they be considered as no longer
available to receive votes ?

In other words is the purpose of a vote in the Single
Transferable Vote system to try to elect candidates in the order
the voter wishes or to place candidates in popularity order and
have this order respected whatever the outcome of the rounds
of the count? | suggest that it is the former. Once a candidate
has been elected he has achieved the aim of participation in
the election and, henceforth should take no further part in the
election. Under these circumstances the manual counting
method is satisfactory.

We will take a voting paper that shows preferences A,B,C,D
and assume that B was elected on the first round. The transfer
of B's surplus elects A on the second round. The question now
arises on our paper, should the transfer of A's surplus go to B
or C. Let us assume that our voter had future vision when
deciding the preferences and knew that B would be elected in
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the first round; would our voter put B as the second
preference? | suggest that anyone so gifted would select the
preferences A,C,D thus maximising the transfers to the
candidates they wished to see elected. Of course this
foresight is not available to voters so to cover all
possibilities the voter will elect to keep to the original
selection knowing that the counting system will not waste
any part of a vote by transferring it to a candidate already
elected.

In practice few voters would take the risk of excluding a
candidate on the grounds that they are certain to be elected.
If too many did then B would not be elected. Voters can be
expected to behave in a rationa fashion and vote for the
candidates of their choice in the order they wish. When a
candidate has been elected they have achieved the aim of
both the candidate and the voter. The voter will now wish
any surplus votes to be concentrated on the unelected
choices.

Another problem identified by Meek6 is how to treat
unmarked candidates. He suggests that they should be
considered either as being of equal merit, or that the voter
wishes to leave the ordering of these candidates to others.
Meek ignores the third possibility that the voter does not
wish these candidates to have any part of the vote. The
omission of the third alternative in Meek's paper is possibly
due to the voting instructions that take a form similar to
‘place the candidates in order until you can no longer
differentiate between them'. If the instructions were
changed to a form similar to ‘place the candidates in order
until you no longer wish the remaining candidates to have
your vote' it would be clear how the voter required
unmarked candidates to be treated. Under these
circumstances the manual counting method is satisfactory.

If STV is to be used in local or parliamentary elections
many voters will only want to vote for their particular party.
They will not wish any proportion of their vote to go to
candidates of a party with an opposing view to theirs. If
votes are apportioned to all non-selected candidates, voters
will have no way of ensuring that they do not vote for
candidates of a party whose policies they cannot agree with.

The other problem foreseen by Meek? that | will consider is
the possibility of voters indicating the same preference for
two or more candidates. He suggests that this should be
allowed and the counting system modified to accommodate
it. The Electora Reform Society (ERS) supports the Single
Transferable Vote system, not the Transferable Multi-vote of
Unity Value System. This second system may exist but it is
not that supported by the Society and therefore should not
be considered. The Single Transferable Vote system requires
voters to cast a single vote, all or part of which may be
transferred. That a multiple vote may have unitary value is
irrelevant, it is a single vote which must be utilised.
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D R Woodall8 raises a different problem, that of the tactical
voter. He postulates a situation where there are severa
Sensible Party candidates, say A,B,C and one Silly Party
candidate, W. The tactical voter decides that W will be
excluded and in order to maximise the transfer of votes after
the first round he will vote W,A,B,C rather than A,B,C
which is the real preference. The problem for the tactical
voter comes when several voters take the same line. Assume
in this election that the quota is 200. If 201 voters vote
tactically and put W first then W will be elected reducing
the vacancies available for Sensible Party candidates. In
these circumstances the tactical voters will be assilly asW's
party. The only way to avoid thisis to place preferences in
the order the voter wishes the candidates to be elected and
not to attempt to vote tactically.

One of the main advantages of STV is that attempts to vote
tactically are likely to end in a result that will not suit the
tactical voter. The situation above could happen irrespective
of the number of candidates or the size of the quota. The
only safe way for voters to use their vote successfully is to
vote according to preference.

The three works printed in the March issue of \oting
matters may be mathematically rigorous but are they
required? My contention is that if the basic principles of the
Single Transferable Vote system are carefully considered
then the feedback method of counting is unnecessary. The
manual method used to date is satisfactory to ensure the
correct result.

There is one further matter to be considered. If the feedback
method is to be used, the constant recal culations necessary
will require computers to be used. It is recognised in the
papers supporting the method that it is too laborious to use
hand counting. While the ERS has voted to use both
computer and manual counting for its internal elections, |
doubt if a system which cannot reasonably be counted by
hand will be accepted by the general public. Computers are
quick but they rely on the integrity of their programming.
Computer technology is not yet at a state where incorrect
programming, whether by accident or intent, will always be
exposed. While it is not possible to say that the currently
accepted Newland/Britton hand counting rules will always
produce the correct result, they will produce a satisfactory
result. | can see no reason to change the current system of
counting.
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Issue 3, December 1994

Editorial

In this issue we have a mixture of papers. There is a
continuing debate about revisions to the ERS rules, which
arose from Fennell's paper in the last issue.

Hill and I, in separate papers, consider the effect of small
changes — steadiness or stability. Global properties and
local properties are the topic of Woodall's paper which |
hope could be used as a basis for terminology and analysis
in further issues of Voting matters.

It would be nice to automate all suggested algorithms for
STV and compare them against a library of test cases.
Unfortunately, the effort involved often precludes this which
means that choices are being made on less than perfect
information (not unlike elections themselves).

Brian Wichmann.

Comparing the stability of
two STV algorithms

B A Wichmann

Brian Wichmann is the Editor of Voting matters and a visiting
professor of The Open University

The problem of stability

This note does not consider the usual properties of STV
algorithms that have been the subject of Woodall's analysis,
but that of stability. For a mechanical system modelled by
continuous variables, the analysis of stability is an
application of differential calculus. We cannot use such an
approach with STV algorithms since the system is discrete,
and we know that some small changes are bound to produce
adiscrete change in those elected.

For an STV algorithm, we could have too much stability in
that part of the ballot papers are simply ignored — for
instance, by only using the first preference. On the other
hand, we could have an algorithm which lacks stability in
vital respects by changing the result for inconsequential
changes to a ballot paper.
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One change made to a ballot paper can be regarded as
small, due to the nature of the preferential system. Since the
usual means of balloting does not provide for the voter to
give equa preference, when the ballot paper records ABC,
this might be because A and B were regarded as equal, but
the voter specified A first arbitrarily. Hence the voter could
equally have written BAC instead. Hence given the ballot
ABC, the voter's true intentions could perhaps have been
expressed as BAC or ACB. In general, given n preferences,
n-1 balot papers constructed by interchanging
neighbouring preferences could be regarded as small
differences.

Now consider two algorithms for STV which have broadly
similar properties (as do all serious contenders). Figures 1
and 2 represent graphically these two agorithms.

Elect C

Figurel

Figure 1 represents a stable algorithm since small changes
are unlikely to change the result of an election, while Figure
2 represents an unstable algorithm. If we were operating in
two dimensions, then the property of stability could be
measured rather like the game of shove-halfpenny: one
would measure the probability that a small circle placed at
random on the figure crossed one of the dividing lines.
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Elect B

Elect A

Figure 2

In the case of STV algorithms, we do not have a simple two-
dimensional system, and hence the figures are a crude
diagrammatic representation. To measure the probabilities we
must conduct a suitably controlled experiment. Fortunately,
we can use a computer to aid this process so that we can
perform the equivalent of shove-halfpenny sufficiently often
to obtain results which are likely to be meaningful.

The experimental method

We now specify the experimental method to compare the ERS
hand counting rules versus the Meek algorithm. (Any two
algorithms could be chosen, but this seems the most
interesting pair.)

We select an actual election for which the ballot papers are
available. We also choose a number, about 20, which is the
number of ballot papers from the full set that is to be selected
at random. (We return to the choice of this number n later.)

From each rea election, we derive 100 mini-elections by
randomly selecting n ballot papers. The experimental method
isto analyse the effect of making small changes to these mini-
elections. The analysis is as follows. Firstly, we compute the
result of the two algorithms from the mini-election. (The
result need not be the same for the two algorithms, nor the
same as for the full election.) We now consider all the
possible similar mini-elections derived by making one small
change to one of the ballot papers. (This is potentialy
hundreds of elections — hence the computer.) This particular
mini-election is on the edge if a specific criterion is met, say
at least one of the small changes produces a different result.
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The choice of nisimportant. If nisvery small (say 1), then it
is clear that the mini-election will not be representative of the
real eection. On the other hand, if n is large (say the full
election), then the computation of the ‘edge’ becomes too
large, and also the number of possible mini-elections becomes
too small (in this case only 1). Care must be taken over the
specific criterion for being on the edge. If one takes
something like the ERS council elections (i.e., several poststo
fill with no parties, so that small changes are likely to make a
difference to the outcome), with the criterion that any small
change resulting in a difference implies being on the edge,
then there is a danger that all mini-elections are on the edge!

For the 100 random mini-elections we perform a different
analysis in each of the three experiments given here. If one
could assume statistical independence, then it would be a
simple matter to undertake a x2 test to see if the result is
significant. Unfortunately, we do not have elections with a
large enough number of balot papers to ensure the
independence, and therefore we must be content with a non-
statistical treatment.

The programs and test data

Two programs have been written, one for using the ERS
algorithm and the other the Meek version. Apart from the
STV agorithm in use, both work in an identical fashion. They
read 100 mini-elections in the conventional format. Firstly, the
result is computed for this election, then every possible small
change is made, and for each such change, the number of
changes to those elected is recorded.

The number of changes to those elected for one small change
isusualy 0 (no change), but is sometimes 1, rarely 2 and very
rarely 3. Hence for each ballot paper in the mini-election, n—-1
integers are output, representing the number of changes
arising from each of the n—1 possible interchanges of adjacent
preferences, where n is the number of preferences marked on
the ballot paper. This implies that the output is of similar
length to the input — an important consideration, since if
complete results were printed for each election result
computed, hundreds of pages of material would be produced.

The analysisis most easily seen by considering an example. A
mini-election from election RO38 is as follows:

17 5

11 910 0

10 17 59 11 16 O

6 16 2114 17 10 9 11 58 4 12 13 15 0
4 8 12 15 13 0

17511116 10 2 0

5910 11 17 O

37914170

PRRRRRR
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8 10 13 11 17 O
956170

11 10 5179 0

6 41514 16 810

6 14 16 1 2 4 13 12 8 15 0
134151280

ORRPRRERRER

‘A1t "B.2" "C3" "D 4"
"EE5 " "F.6" "G7" "H 8"
“r.9 " "J.10 " "K. 11 " "L.12 "
"M13 " "N.14 " "O 15 " "P.16 "
"Q 17 "

"1R038: H3H "

The above data is for an election with 17 candidates for 5
seats, in which the first ballot paper selects candidate 11 (K)
as the first preference, then 9 and lastly 10. The names of
the candidates are the letters A-Q, a convention used
throughout.

The program computes the effect of making al possible
interchanges of adjacent preferences, which for Meek gives:

vl +F-L-B-OP-H G N E-M G+l +Q K+J+A-D 68
11

11100
01

oN N O
o I N
R R e
==

00

PR RPOORE-
lcNoNoNoNoNoN=
PNRPORRERE

0011010011
1

o
3

The first line gives the result (with Meek) for this mini-
election, where +F- L means F iselected and L is excluded,
etc. (The vl and 68 are not relevant.) Then, starting with the
last ballot paper and working back towards the beginning,
the number of differences to the result is printed for each
possible interchange. Hence the last ballot paper has four
possible interchanges, the first one giving no difference, but
the last three each making a single difference. So in this
case, interchanging the first two preferences makes no
difference, but interchanging the 2nd and 3rd preferences
does change the result by one candidate. The 'm relates to
the third experiment and is explained | ater.

One other program is needed which selects n ballot papers
a random from a real election, and repeats this 100 times.
This program is fast and straightforward.

For the main election data, six rea elections have been
chosen from the data already available (see Voting matters,
Issue 2). The statistics from these elections are as follows:
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Identifier Papers Candidates Seats n

RO06 239 9 2 20
RO08 261 10 3 25
RO10 270 9 5 27
RO17 479 8 1 15
RO33 196 14 7 25
RO38 177 17 5 20

Unfortunately, none of the elections in the data base are
from elections involving parties, and so such elections
could not be selected for this study.

We can now summarise the results obtained by example.
For election RO17, 100 mini-elections are computed by
selecting 15 ballot papers from the actual 479. For each of
these mini-elections, we compute what difference (if any)
would be made by a single transposition of a preference.
This is repeated for each possible transposition, which in
this case, involves the analysis of 4585 elections!

Experiment 1

We now consider the issue raised initially — that of the
‘sizeé’ of the edge dividing the line between different
election results. We therefore need to devise a criterion for
being on the ‘edge’, and compare the results for the six
elections with the two algorithms.

Criterion: Some change for any transposition

Election ERSedge Meek edge

RO06 74 65
RO08 80 74
R010 95 87
RO17 69 74
RO33 99 95
RO38 100 100

This table means, for instance, that for the 100 mini-
elections derived from R006, 74 are on the ‘edge’ for ERS
and 65 for Meek — which implies that there were 26 or 35
elections for which no change was made by any
transpositions. Hence a very high proportion of the mini-
elections are on the ‘edge’, over three quartersin amost all
cases. However, even the most optimistic assumption shows
that there is not much difference between the two
algorithms.

We now change the criterion for being on the edge so that a
lower proportion are on the edge.

Criterion: More than three transpositions make a change
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Election ERSedge Meek edge
RO06 41 38
RO08 55 46
RO10 76 57
RO17 32 49
RO33 91 75
RO38 94 91

We again conclude that there is not much difference between
the two algorithms.

We need to look at aspects other than the actual size of the
edge to see significant differences.

Experiment 2

In this experiment, conducted with the programs and data as
before, we look at properties of the edges rather than their
actual magnitude.

Given a mini-election which is on the edge, then we know at
least some transpositions of the preferences will change the
result. It is therefore natura to ask which specific
transpositions can change the result. Clearly, it is more likely
that transposing the first two preferences will ater the result,
but what about the subsequent transpositions? We therefore
analyse the number of times a transposition makes a change,
against the position of the transposition (p; ).

Conbi ned results
pl p2 p3 p4 p5 p6 p7 p8 p9 pl0 pll pi2
RO06
ERS 283 31 14 6 4 O0...
Meek 310 147 61 39 23 16 14 O0...
RO08
ERS 452 56 11 8 5 4 0 1 3 O0...
Meek 393 161 70 42 25 13 12 11 O...
RO10
ERS 668 173 36 21 9 4 2 O0...
Meek 423 174 82 34 21 18 13 O0...
RO17
ERS 214 27 4 5 2 1 0...
Meek 279 210 123 119 104 94 O0...
RO33
ERS 979 227 78 31 17 8 3 2 1 0 O 1
Meek1876 392 225 144 117 91 69 61 57 41 41 34 37
R0O38
ERS 734 203 44 31 17 6 3 2 0 1 1 0
Meek 723 502 376 346 157 138 107 97 91 44 36 33

In the table above, for each of the six elections, the number of
times a transposition makes (at least) one change to the result
is tabulated against the preference position for all the 100
mini-elections. The difference between ERS and Meek is now
obvious. The number of changes for the first preference
between the two algorithms is similar and is surely not
significant. However, in al subsequent preferences, many
more changes arise from Meek than from ERS.

In examining the subsequent preferences, there is no natural
scale to work to, since a change in preference n is more
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significant if there are n candidates than 2n candidates. The
number of seats is also relevant to this scale. Hence in
analysing the table above, both the number of candidates and
seats must be considered.

We can add up the results from each election for those
positions beyond the number of seats (s) for each election,
giving the following results:

Position
s+l st+2 s+3 >s+3
ERS 61 21 15 11

Meek 530 364 293 596
ratio 8.7 17 19 54

Hence we conclude that transposing preferences beyond the
number of seats has virtually no effect with ERS as compared
with Meek.

Experiment 3

In a paper in this issue of Voting matters, Woodall defines the
property mono-raise. For the elections analysed by the
experiments undertaken here, we can determine the extent to
which a weaker property than mono-raise is violated. Since
our analysis determines the effect of a single interchange in
the preferences, given a preference pair A,B which is replaced
by B,A, the raising of the order of B should not disadvantage
B. Thisimpliesthat if the election with A,B elects B, then that
with B,A should also elect B. If this condition is not satisfied,
then mono-raise is violated, and is marked by 'm' in the
output files.

We can now compare the violation rate for ERS and Meek,
whichisasfollows:

Election ERSviolations Meek violations
R0O06 0 32
R0O08 2 29
RO10 5 8
RO17 5 78
R0O33 5 70
R0O38 0 141

Hence there is no question that Meek violates mono-raise
much more than ERS. Thisis likely to be due to the increased
sensitivity of Meek to the effects of |ate preferences.

Conclusions

The analysis undertaken in this paper has led to the following
conclusions:

1. There is no evidence that the ERS and Meek
algorithms are any different with respect to the size of
the boundary between the election of different
candidates.
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2. Making small changes by transposing preferences
later than the number of seats makes virtualy no
difference with ERS but a substantial difference with
the Meek algorithm.

3. Meek violates mono-raise much more than ERS.

Point 2 indicates that the Meek agorithm is much more
sensitive to the voter's wishes than ERS, and moreover this
sengitivity is not at the expense of making the algorithm less
stable. However, the fact that Meek violates mono-raise so
much more than ERS might question the extra sensitivity of
Meek. It would appear that an ideal agorithm would have
the sensitivity of Meek, but would only violate mono-raise
with the same frequency as ERS. | suspect that it is actually
the extra sensitivity of Meek that gives rise to the mono-
raise violations, so that the best of Meek and ERS is not
possible.

It appears that the results presented here have some
limitations. Firstly, the mini-elections necessarily have a
small number of ballot papers and so the results need not
apply to larger elections. Secondly, a consequence of the
small number of ballot papersisthat in many cases, random
choices are made by both the ERS and Meek algorithms.

The comparative steadiness

test of electoral methods
I D Hill

David Hill is a regular contributor to Voting matters.

In comparing one electoral method with another it is useful
to examine their comparative steadiness. It should be noted
that it is only a comparative test and does not give a
"goodness' score for any individual method on its own but
only for one method relative to another. Nor does the fact
that any method comes out as the better of the two by this
test indicate that it is necessarily better in any other way.

To useit, first run each method for the same number of seats
and the same given set of votes and see whether they both
elect the same candidates. If they do, this test is not
applicable. Otherwise, see whether there is one or more
candidate whom neither method elects. If there is no such
candidate, again the test is not applicable. In particular, the
test can never be applicable if the number of candidates is
only 1 greater than the number of seats, but the fact that it is
often not applicable does not destroy its value in those cases
where it does apply.

Page 5

Voting matters, for the technical issues of STV

If the test is applicable, then treat al candidates who failed
to be elected by either method as withdrawn, and re-run
each method. If each method continues to elect the same
candidates as before, then there is nothing to choose
between them on this test for this particular set of votes. If,
however, one method makes no change in whom it elects
while the other makes a change, then the no-change method
gains apoint in comparison with the other.

For example, if there are 5 candidates for 3 seats, and the
votes are:

51 ABC
44 ABD
5 EABD

the current ERS rules will elect A, B and D whereas the
Meek rules will elect A, B and C. They agree that E is not
elected, so the comparative steadiness test treats E as having
withdrawn and re-runs the election. Now the Meek rules
still elect A, B and C, but the ERS rules switch to electing
A, B and C too. Meek therefore shows greater steadiness
for this particular set of votes.

While such artificial elections are important as illustrations,
what most matters is which rules are steadier for real
elections. Taking the 57 real elections that | have available,
| find the test to be applicable for only 10 of them. In 4 of
those, these two systems are both steady, neither changing
its result when the relevant candidates are withdrawn. In
the other 6, however, the Meek system remains steady but
the ERS system changes. By this test, the Meek system
seems to be superior, so far as the evidence goes, though a
few more results in the same direction would help to make
more certain that the difference is not just a chance effect.

It should be noted, of course, that discovering a lack of
steadiness must not be used to change the result of a real
election, which must always be in accordance with the rules
as laid down for that election. The test is only for research
purposes, not to interfere with a result.

Editorial Note: It is possible to apply the steadiness test
even when an election gives the same result. This can be
done by selecting random ballot papers from the election in
the manner of the mini-elections in the previous paper. With
the 100 mini-elections from the real election R006, 17 of
these elect different candidates so that the steadiness test
can be applied. Of these 17, none were steady for the ERS
rules, while 13 were steady according to Meek. One mini-
election could not be considered since a random choice was
made. For the remaining 3 mini-elections, neither were
steady, and in one case, the removal of the no-hope
candidates causes the two algorithms to interchange the
results!
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Response to the paper by R
J C Fennell

PDean

Peter Dean is a Trustee of the ERS Ballot Services.

| was surprised to see the existing manual system defended by
R J C Fennel as being beyond reproach.

The basic flaw in the manua method is that it alows for the
election of candidates receiving less than the quota. This has led
to Tasmania requiring at least 7 preferences, combined with a
rotated ballot paper since 1973. Even in our own elections some
are elected with 4 fewer votes when there are 8 non-transferable
votes.

There is a refinement which could easily be introduced in
manual elections. This is that when the stage is reached when
some candidate(s) fail to reach the quota, a recount takes place
with only those remaining taking part. This means that votes
previously wasted on candidates with no chance can then
influence the result by being alotted to a lower preference for a
candidate previously elected. The result will then be
demonstrably fair. Taking an actual mock election in the Solent
area in 1989 as an example, in which there were 20 candidates
for 5 seats. The manual result gave a lead of 4.88 to the last
elected — athough short of the quota The Meek system
elected the runner-up instead by a margin of 2.01 votes. If a
further 5 counts has been added the manual system would have
come to a similar result, but by an even larger margin of 7.42.
The new result is demonstrably fair — with the last candidate
having 2.53 over the quota.

Sometimes the unfair result is even obvious to the public. Such
a case occurred in Cork East in 1954. The two Fine Gael
candidates received 153 more votes than the two Fianna Fail
candidates (1162 non-transferable) yet Fianna Fail won 2 of the
3 seats. Such results discredit the whole system.

The current mechanised system is quite unsuitable for small
elections. For instance, with 9 votes and 18 candidates for 3
seats it proceeds to eliminate 7 candidates with 1 vote
completely at random. It is quite clear that a different order of
exclusion would give a different result. Personaly | favour a
points method based upon the preferences expressed which
would give some form of ranking order to be used instead of
the random method.
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Are better STV rules
worthwhile?

A reply to R J C Fennell
| D Hill
David Hill is the Chairman of the ERS Technical Committee.

R J C Fennell's article, in \oting matters issue 2, raises a
number of matters that deserve reply.

Taking a voting paper naming ABCD in order of preference,
where B has been elected on the first count and A is elected on
the second count as a result of transfers from B, he asks
whether that paper's surplus should go to B or to C. He
appears to have failed to notice that, in the current ERS rules,
it is totally immaterial whether the vote is taken as if it were
ACD instead of ABCD, because that paper's surplus does not
go anywhere. The voter's second and subsequent preferences
are completely ignored, the whole paper remains with A,
while only the new votes that A has received are redistributed.

Let us look instead at the point that he was trying to make.
Suppose, in that same election, that C was aso elected on the
first count, and we have a paper naming BACD. That paper
will pass from B to A and will be further redistributed, at a
suitable value. Should it go to the next choice C, or jump
over C straight to D as currently happens? He suggests that
such a voter with future vision would not have put C into the
list, so it is right to jump to D. But al voters ought to be
treated alike, and therefore, if we are to treat one as if future
vision existed, we must do so to al others too, and most
voters would wish to change their votes if they knew what
was going to happen; nobody would vote for the runner-up, of
course. But such a change would make sense only if nobody
else changes; if we treat everybody as though allowing them
to change, the assumed future vision would collapse, no
individual could then know how to change and the whole
system would become wildly unstable. There is only one
satisfactory way out, and that is to treat each vote in strict
accordance with what it says, and not by what we assume that
it might have said if only the voter had known what would

happen.

Transferring to a candidate who has already been elected, as
in Meek-style STV, does not waste votes, as is suggested,
because the same size surplus is passed on in any case. The
change is only to whether the surplus is taken fairly, from all
relevant groups in proportion to their current totals of votes,
or unfairly in some other way. To change the example,
suppose that there are 100 AC votes and 10 BAD votes in a
situation where the quotais 77. A is elected on the first count
giving 77 to stay with A for quota, 23 to be transferred to C.
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If, later on, B is excluded then in current ERS rules the 10
al passto D. The Meek alternative is that only 3 passto D,
while 7 more of the original ACs pass to C. The two
methods are

ERS 100 votes 77 stay with A 23 goto C
further 10 votes 10 go to D

Meek 100 votes
further 10 votes

70 stay with A 30 go to C
7 stay with A 3 gotoD

In either case 77 have been kept and 33 redistributed, but |
do not see how anyone could claim that the first method is
satisfactory if we are able to operate the second. The article
suggests that the voters ‘will wish any surplus votes to be
concentrated on the unelected choices'. That is to say that
the BAD voters would like the first alternative. Of course
they would; that isnot in dispute. But it isnot fair to the AC
votersto allow it.

The next point addressed by Fennell is the treatment of
‘short lists', that is to say votes that would be transferred if
they had a next choice, but do not show one. He mentions
the two possible treatments discussed in detail by Meek, but
says that Meek's papers ignore a third possibility, and it is
evident that heis thinking of something like the current ERS
rule. Heiswrong to say that Meek ignored this; his paper
said ‘If the difficulty were to be avoided by increasing the
proportion transferred of votes for which a next preference
is marked, to enable al x votes to be retained by C, this
would clearly reintroduce inequities of the kind Principle 2
was designed to eliminate’. | agree with Meek that this
possibility does not deserve any more discussion than that,
but many people have failed to see that this method is wrong
in principle, and a far greater quantity of writing has gone
into it in the last few years than can be reproduced here. |
can well see that people might take the wrong decision on
this at a first quick glance, but the number who continue to
do so even after thought and discussion is quite
extraordinary.

| disagree with Meek that the voters should be given the
choice between the two methods he discusses in detail. This
would have to mean explaining to them the different effects
of each, a task that | would not wish on anyone. Meek
points out that the two can give different results; usually
they do not but, in the few cases we know of where they do,
to give the relevant surplus to ‘non-transferable’ and reduce
the quota to compensate is always the preferable option.

Fennell suggests that these voters may not wish other
candidates to have any part of the vote. | agree with that —
indeed | insist that, whatever those voters wish, we have no
right to assume what their wishes are, but only to obey what
their ballot papers say, namely that if they become entitled
to a further choice they wish to abstain from making one. It
is true that, in the current ERS (and most other) rules, the
ballot papers are not physically transferred to any other
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candidate, but what matters is not what is done with pieces
of paper, but the effect of the rule. Consider the simple
case, with 4 candidates for 2 seats, and votes

40 AB
17 CD
3 DC

The quota, in current ERS rules, is 20. So 20 votes go to A
and A's surplus of 20 goesto B, and A and B are elected, but
the situation is ‘on a knife-edge’ for, if D were to withdraw
before the count, A and C would be elected. Now with a
knife-edge situation any relevant change in one direction
must settle the matter, and it is certainly arelevant change if
half B's support islogt, to give

20 AB
20 A
17 CD
3 DC

Yet the current ERS rules take no notice whatever, but still
give 20to A and 20 to B.

It is sometimes argued that if the AB voters had had pre-
vision, they would have gone straight to B but, as argued
above, we cannot alow that without allowing pre-vision to
other voters too. Given pre-vision, the DC voters would
have voted for C. Given pre-vision, the A plumpers need not
have bothered to vote at all. The only fair thing to do isto
take what the ballot papers actualy say, and everything in
proportion to the numbers involved. That means that half
A's surplus must go to B, and half to non-transferable,
which gives C the second seat.

Provided that the quota can be changed to alow for the
non-transferables, asin Meek's method, it can be shown that
this does not waste any extra votes at all. What one method
wastes in non-transferable, the other wastes on leaving
more votes with elected candidates than they now need to
be sure of election. With hand-counting methods, where
true quota-reduction is not practicable, it could be the case
that the present rule does more good than harm, but | know
of no evidence to support such aview.

Turning to the discussion of whether voters should be
alowed to express equality of preference if they wish,
rather than a strict ordering, | cannot agree that it ought not
to be considered. It is undoubtedly the case that the absence
of this feature is regarded by many as a mgjor disadvantage
of STV. There are some difficulties of implementing it, and
it would complicate the instructions to voters. | believe that
it is something that we ought to consider introducing one
day, but that there are more important things to be done
first.
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Fennell then discusses the ‘Silly Party candidate’ method of
tactical voting discussed in Woodall's paper. He is right, of
course, that trying to utilise it may be to the voter's
disadvantage if awrong guess is made, and would certainly be
troublesome if too many voters tried to do it. It is a bad
feature though that it should be possible at all. Furthermore it
is not necessary for there to be a silly party candidate or
tactical voters for the effect to occur. It aways happens to
those voters who put as first preference the first candidate to
be excluded, no matter how sincere their choice, causing a
distortion that should be avoided if possible.

Fennell is correct that it is not practicable, save for very small
elections, to use methods such as those proposed without
doing the count by computer but, in this electronic age, can
that really be an adequate reason for putting up with second-
best results? He queries whether computer-generated results
would be trusted and this is certainly something to which
attention has to be given. There are two distinct ways in which
things might go wrong. The first is in the input of the data
from the ballot papers, but this could be subject to repetition if
arecount is requested.

The second possibility of error isin the program to calculate
the results but, in a public election it could be arranged that,
once the data input has been agreed as correct, each candidate
would be given a copy of the data on floppy disc. Each party
would have its own program, each independently written from
the rules specified in the Act of Parliament, and its own
computer near at hand. Within afew minutes each could have
checked that the official result is agreed. Such a system
would lead to much greater protection against errors than
anything that could be done with hand-counted STV.

The article concluded that ‘the currently accepted Newland/
Britton hand counting rules ... will produce a satisfactory
result. | can see no reason to change the current system of
counting'. What is meant by a satisfactory result? In
comparing the results of rea elections by hand-counted rules
and by Meek rules the result is different more often than not,
and al the indications are that the result is not merely
different but better, in more accurately representing the voters
wishes. Now that the ability exists to do something better than
can be done by hand, it would be absurd to try to exist in the
past. Does it not matter to the Electoral Reform Society (or
others) whether we get the best result or not?
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Properties of Preferential

Election Rules
D R Woodall

Douglas Woodall is Reader in Pure Mathematics at Nottingham
University. In this article, he argues that more attention
should be paid to properties of electoral systems, and less to
procedures. He lists many properties that a preferential
election rule may or may not have, and discusses them with
reference to STV.

1. Introduction

| have often been struck—and never more than in the last
year—by how much the types of argument used by the
supporters of the Single Transferable Vote (STV) differ from
those used by its opponents. When it comes to the details of
the count, the supporters of STV amost invariably try to
defend its procedures directly, on the grounds that they follow
certain principles, or that they do with each vote exactly what
the voter would want done with it, if the voter were able to be
present at the count and to express an opinion. Unfortunately,
there is no guarantee that adopting sensible procedures, at
each stage of the count, will lead to a system with sensible
properties, and the opponents of STV often emphasize its less
desirable properties. In particular, it is now well known that
STV is not monotonic: that is, that increased support, for a
candidate who would otherwise have been elected, can
prevent that candidate from being elected. It was ostensibly
because of this and related anomalies that the Plant Report
rejected STV.

Properties of electoral systems can be thought of as
"performance indicators', and like any other performance
indicators they need to be used with care. If one chooses a set
of performance indicators in advance, it may well be possible
to manufacture a high score on those indicators in an artificia
way, which does not represent good performance in any rea
sense. Nevertheless, it seems to me that the Electoral Reform
Society needs to pay more attention to propertiesif it is not to
be sidelined in the electoral debate. In particular, since
different desirable properties often turn out to be mutually
incompatible, it is important to discover which sets of
properties can hold simultaneously in an electoral system.
Only then will it be possible to decide whether there are
electoral systems that retain what is essential in STV while
avoiding some of the pitfalls.

The purpose of this article is to introduce a long list of
technical properties that an election rule may or may not have,
to invent snappy descriptive names for them all, and to
discuss them with special reference to STV. Except where
otherwise indicated, statements made about STV apply
equally well to the Newland-Britton and Meek versions of
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STV. In a later article | hope to address the question of
monotonicity in more detail.

2. Notation and terminology

Asisusual in the Socia Choice literature, | shall use lower-
case letters a, b, ¢,... to denote candidates (or choices). Each
voter casts a ballot containing a preference listing of the
candidates, which is written as (for example) abc, to denote
that the voter places a first, b second and c third, with no
fourth choice being expressed. A preference listing is
complete if all candidates are included in it and truncated if
some are left out. (A preference listing that leaves out just
one candidate will be treated by most election rules,
including STV, as if it were complete; but one should not
call it complete, since some election rules may not treat it as
such.) A profile is a set of preference listings, such as might
represent the ballots cast in an election. Profiles may be
represented in either of the forms shown for Elections 1 and
2 below, indicating either the proportion, or the absolute
number, of ballots of each type cast.

The term outcome will be used in the sense of "possible
outcome" (assuming there are no ties). Thusin an election to
fill two seats from four candidates a, b, c, d, there are six
outcomes, corresponding to the six possible ways of
choosing the two candidates to be elected: {a, b}, {a, c},
{a, d},{b, ¢}, {b, d} and{c, d}.

El ection 1 El ection 2

(1 seat) (2 seats)
ab 0.17 a 9 ea 4
ac 0.16 b 9 eb 4
bac 0.33 c 10 fc 1
cb 0. 34 d 10 fd 1
fe 6

An election rule is usualy thought of as a method that,
given a profile, chooses a corresponding outcome—or, in
the event of a tie, chooses two or more outcomes, one of
which must then be selected in some other way (such as by
tossing a coin). However, this description is not quite
adequate to deal with the complexities of ties. Consider
Election 1 above, with the votes counted by STV (or, rather,
by the Alternative Vote (AV), which is the rule to which
STV reduces in a single-seat election). No candidate reaches
the quota of 0.5, and there is an initial tie for exclusion
between a and b. If b is excluded then a is immediately
elected, whereas if a is excluded then b and c tie for
election. Thus a is elected with probability %2, and b and ¢
are elected with probability ¥4 each.

A similar situation arises in Election 2, again under STV.
There are 54 votes cadt, so the quota is 18, and there is an
initial tie for exclusion between e and f. If eis excluded then
f, c and d must also be excluded, and a and b are elected;
whereas, if f is excluded, then a and b must aso be
excluded, and then e is elected and ¢ and d tie for second
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place. Thus the outcome {a, b} is chosen with probability
¥, and the outcomes {c, €} and {d, €} are chosen with
probability ¥ each.

Because of examples like these, | define a (preferential)
election rule to be a procedure that, given a profile,
associates a corresponding non-negative probability with
each outcome, in such a way that the probabilities
associated with al possible outcomes add up to 1. The
"normal” situation is that al the outcomes are given
probability O except for one, which has probability 1
(meaning that that outcome is chosen unequivocally). If
anything else happens, then we say that the result is a tie
between all the outcomes that have non-zero probability.

3. Axioms

There are so many properties that an election rule may
have, that it is useful to categorize them in some way. Four
in particular seem sufficiently basic to deserve to be called
axioms. The first is more or less implicit in the above
definition of an election rule; but it has a name, and so for
completeness | includeit here.

Anonymity. The result should depend only on the number of
ballots of each possible type in the profile (and not, for
example, on the order in which they are cast, or on
extraneous information such as the heights of the
candidates).

Neutrality. If some permutation is applied to the names of
all the candidates on all the ballots in the profile, then the
same permutation should be applied to the result. For
example, since STV is neutral, if aisreplaced by ¢ and c by
a on every balot in Election 2 above, then STV would
choose {b, c} with probability ¥2and {a, €} and {d, €} with
probability ¥4 each. One consequence of neutrality is that a
tie in a single-seat election cannot be resolved simply by
electing the first in aphabetica order among the tied
candidates.

A rule that is both anonymous and neutral is caled
symmetric.

Homogeneity. The result should depend only on the
proportion of ballots of each possible type. In particular, if
every ballot is replicated the same number of times, then the
result should not change. It is this property that enables us
to describe profiles as in Election 1 above, showing the
proportion, rather than the absolute number, of ballots of
each type cast.

Discrimination. If a particular profile P, gives rise to atie,
then it should be possible to find a profile P that does not
give rise to a tie and in which the proportion of ballots of
each type differs from its value in Py by an arbitrarily small
amount. This rules out, for example, the following method
of electing one candidate from three: elect the candidate
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who beats both of the others in pairwise comparisons, if there
is such a candidate, and otherwise declare the result a three-
way tie. For in that case, not only would the profile in
Election 3 below giverise to atie, but anything at al close to
it would also give a tie, contrary to the axiom of
discrimination.

abc 1/3
El ection 3: bca 1/3
(1 seat) cab 1/3

A proper election rule is one that satisfies the above four
axioms; that is, one that is anonymous, neutral, homogeneous
and discriminating. The term "axiom" is used rather freely in
the literature as a synonym for "property"”, but | shall restrict
its use to these four, which | regard as genuinely axiomatic, in
the sense that | am not interested in any rule that does not
satisfy them.

A word of warning is needed about homogeneity. In any
practical election where the count is carried out by computer,
there will be a limit to the number of decimal places that the
computer can hold accurately. Thus there are bound to be
situations in which two numbers that are not really equal are
regarded as egqual by the computer program, because they
become equal when rounded to the appropriate number of
decimal places. In this case, if every ballot were replicated the
same, sufficiently large, number of times, then the difference
between the two numbers of votes would become significant,
and the computer might give a different result. However, this
isa minor problem, introduced by the practical need to round
numbers; the axiom of homogeneity should be applied to the
underlying theoretical rule, with no rounding.

With this interpretation, STV isaproper election rule.

4. Global or absolute properties

It is convenient to divide properties into global or absolute
properties on the one hand, and local or relative properties on
the other. The former say something about the result of
applying an election rule to a single profile, whereas the latter
say something about how the result should (or should not)
change when certain changes are made to the profile. Not all
properties fall unambiguously into one of these two classes,
but sufficiently many do for the distinction to be useful.

The most important single property of STV iswhat | call the
Droop proportionality criterion or DPC. Recall that if v votes
are cast in an election to fill s seats, then the quantity v/(s + 1)
is caled the Droop quota.

DPC. If, for some whole numbers k and m satisfying
0 < k< m, more than k Droop quotas of voters put the same
m candidates (not necessarily in the same order) as the top
m candidates in their preference listings, then at least k of
those m candidates should be elected. (In the event of atie,
this should be interpreted as saying that every outcome that
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is chosen with non-zero probability should include at least
k of these m candidates.)

In statements of properties, the word "should" indicates that
the property says that something should happen, not
necessarily that | personally agree. However, in this case |
certainly do: DPC seems to me to be a sine qua non for afair
election rule. | suggest that any system that satisfies DPC
deserves to be called a quota-preferential system and to be
regarded as a system of proportional representation (within
each constituency)—an STV-lookalike. Conversely, | assume
that no member of the Electora Reform Society will be
satisfied with anything that does not satisfy DPC.

The property to which DPC reduces in a single-seat election
should hold (as a consequence of DPC) even in a multi-seat
election, and it deserves a special name.

Majority. If more than half the voters put the same set of
candidates (not necessarily in the same order) at the top
of their preference listings, then at least one of those
candidates should be elected.

The following rather weak property was formulated with
single-seat elections in mind, but it makes sense also for
multi-seat elections and, again, it clearly holdsfor STV.

Plurality. If some candidate a has strictly fewer votes in
total than some other candidate b has first-preference
votes, then a should not have greater probability than b
of being elected.

The next property has been suggested to me by Brian
Wichmann in the light of his experiences reported in the last
issue of \oting mattersS.

No-support. A candidate who receives no support at al
(that is, who is not listed by any voters in their
preference listings) should not be elected unless every
candidate who receives some support is also elected.

This is not satisfied by STV with the Newland-Britton rules.
For example, if x receives no support at all, and the only
support that y receives is on ballots marked ay, where a
reaches the quota as a result of transfers from other
candidates, then x and y will both be recorded throughout as
having no votes (since the ay ballots are not re-examined
when a reaches the quota), and so y is as likely to be excluded
as X. It seems that no-support is satisfied by Meek's version
of STV, athough | do not have aformal proof of this.

The remaining three global properties consist of Condorcet's
principle, which was proposed by M. J. A. N. Caritat, Marquis
de Condorcet (1743-1794), and two modern strengthenings of
it. We say that a voter, ballot or preference listing prefers a to
b if he, she or it lists a above (before) b, or lists a but not b.
Let p(a, b) denote the number of voters who prefer a to b. We
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